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Abstract

We study taxation in matching environments in which both equilibrium sorting and the sharing of
match surplus are endogenous. Tax reforms lead to complex adjustments in sorting and surplus sharing
patterns across the whole economy. We develop a general approach for characterizing these equilibrium
adjustments using matching elasticities, which are primitive objects that describe how agents’ matching
choices are affected by pecuniary payoffs in partial equilibrium. Applying this approach to a workhorse
model of family formation, we first show that the sorting and surplus sharing responses are closely
linked to complementarities in the creation of economic surplus, as first emphasized by Becker (1973).
We then describe the effects of arbitrary tax reforms on tax revenues, the utilities of different agents,
and social welfare; design tests to assess Pareto efficiency of existing tax systems; derive formulas
that characterize optimal taxes; and propose numerical techniques to compute them. In a calibrated
model, we find that optimal marginal tax rates are substantially lower and less progressive than in the
Mirrleesian benchmark.
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1 Introduction

In his seminal work, Gary Becker (Becker (1973)) showed that match formation and within-match
resource allocation are determined by the surplus that matches generate and by complementarities in
producing that surplus. Although Becker originally focused on marriage markets, a large subsequent
literature has extended his insights to many other settings, including the analysis of sorting and matching
between firms and workers, workers and cities, and corporations and CEOs.

While endogenous sorting, surplus sharing, and complementarities are ubiquitous, the effects of
taxation in such environments are not well understood. In this paper we develop a general approach to
study the effects of taxation in a large class of endogenous matching models. We seek to understand
what determines the costs and benefits of income taxation in such settings, how statutory tax burdens
are shared among economic agents, whether existing taxes are efficient, and how the planner should
design optimal taxes.

We develop our approach in a canonical model of family formation. Individuals who differ in labor
market productivity form couples, choosing spouses based on both pecuniary utilities and non-pecuniary
preference shocks. Pecuniary utilities are determined by consumption and labor supplies in the match.
The labor supplies of the two spouses are potentially interdependent through home production, as in
Becker (1973). Non-pecuniary preference shocks are drawn from a general distribution, which allows for
preferences for marriage partners of particular types. The government imposes an arbitrary, potentially
non-linear tax on the earnings of the two spouses. Equilibrium sorting, intra-family consumption
sharing, and pecuniary utilities are all determined endogenously, as in standard frictionless matching
models with transferable utility.

We first illustrate the key mechanisms in a simple two-type version of the model that admits a
closed-form solution. We consider the effects of a tax reform in the spirit of Saez (2001), in which
the government slightly raises the marginal tax rate in a small neighborhood of some earnings level.
Mechanically, the reform increases taxes on all individuals with earnings above that earnings level. The
individuals whose marginal taxes increase reduce their labor supply, thereby lowering tax revenues, to
which we refer as the direct behavioral effect. In classical Mirrleesian settings, these two effects fully
characterize the consequences of tax reforms.

This reform has three additional effects in matching environments. First, the spouse of the individual
who reduces their earnings also adjusts their own labor supply. We refer to this response as the indirect
behavioral effect. Second, the tax reform leads to the dissolution of some matches and the formation
of others. Third, as marriage patterns change, consumption sharing adjusts throughout the economy,
even within couples not directly affected by the reform. We refer to these last two responses as the

sorting and sharing effects, respectively.



All three novel effects are closely linked to complementarities in labor supply, which is why we refer
to them as Beckerian effects. Without complementarities, all three are absent and the tax analysis
reduces to the classical Mirrleesian approach. Under positive complementarities, a higher labor supply
of one spouse increases the other spouse’s incentive to work, and earnings and tax revenues are higher
when matching is more assortative. In this case, the indirect behavioral effect amplifies the distortionary
costs of taxation. Moreover, taxing high earners leads to less assortative matching, thereby reducing
aggregate earnings and tax revenues. Less assortative matching also results in more equal consumption
sharing within couples, which the social planner who cares about inequality may find valuable. Under
negative complementarities, a higher labor supply of one spouse reduces the other spouse’s incentive
to work, and earnings and tax revenues are higher when matching is less assortative. In this case, the
indirect behavioral effect offsets some of the distortionary costs of taxation, but taxing high earners
both reduces tax revenues and makes consumption sharing less equal within couples.

Motivated by this example, we develop a general approach for characterizing the effects of arbitrary
tax reforms. The direct and indirect behavioral effects are captured, for each individual, by a pair
of elasticities—one with respect to their own after-tax earnings and one with respect to the partner’s
after-tax earnings. These elasticities summarize local properties of preferences and are direct analogues
of compensated elasticities in traditional tax analysis. The sorting and sharing effects are fundamentally
different. A tax reform reshapes equilibrium matching patterns and within-family surplus division not
only for couples directly affected by the reform but also for couples whose statutory taxes do not change.
As a result, these effects cannot be studied using off-the-shelf techniques. A central methodological
contribution of our paper is to develop a general approach for characterizing these two effects.

We show that the sorting and sharing effects are both determined by what we call matching elas-
ticities, which measure how the probability that an individual matches with a given partner type
changes when another potential partner offers them an additional dollar of consumption. Much like
behavioral labor supply elasticities, which summarize local properties of preferences and surplus pro-
duction, matching elasticities summarize local properties of the distribution of non-pecuniary shocks.
Importantly, matching elasticities, just like behavioral elasticities, are partial equilibrium objects, which
makes them straightforward to compute; for the shock distributions commonly used in applied work,
they admit closed-form expressions.

Using matching elasticities, we describe how agents respond to changes in family surplus by deciding
how to share them, whether to leave their current match, and whom to marry if they do. We show that
the equilibrium sharing response can be found by solving an integral equation whose coeflicients are
constructed solely from matching elasticities. Once that solution is found, a separate integral equation,

also built from matching elasticities, determines the equilibrium sorting response to any tax reform.



With this characterization, we describe the economic incidence of arbitrary tax reforms and their
effects on tax revenues and welfare. We illustrate this approach by studying the two systems of taxing
married individuals most commonly used in practice: individual-based taxation, in which the earnings
of each spouse are taxed independently, and family-based taxation, in which taxes are imposed on the
sum of spousal earnings. In both cases, we derive optimal tax formulas for taxes that maximize a given
government objective and design efficiency tests that detect whether an existing tax schedule admits
Pareto-improving reforms. We also show how the linear operators developed in the theoretical analysis
can be used to compute optimal taxes numerically.

The techniques we develop extend with minimal modifications to many other environments with
endogenous matching and consumption sharing, including models with rich heterogeneity, imperfectly
transferable utility, competitive and non-competitive surplus sharing, and one-to-many matching. We
illustrate such extensions both in a family economics setting, where matching occurs between heteroge-
neous spouses, and in a labor economics setting, where matching occurs between heterogeneous firms
and workers.

To illustrate the quantitative implications of our approach, we study optimal individual-based taxa-
tion of married individuals. We use the findings of Calvo et al. (2024), who estimate complementarities
in home production using German longitudinal panel data on married couples, to discipline the strength
of labor supply complementarities in our model. We find that optimal tax rates are substantially lower
and less progressive than in an otherwise identical economy that abstracts from complementarities.
This result reflects several forces. Positive complementarities in home production make taxation more
distortionary through the indirect behavioral effect. The sorting and sharing effects work in opposite
directions across much of the earnings distribution, but for high earners, the losses from the sorting
effect outweigh the gains from the sharing effect.

Our paper is motivated by a large empirical literature that has documented assortative matching
patterns in a wide variety of settings. For example, higher educated and higher-earning individuals
tend to marry higher educated and higher-earning spouses (Choo and Siow (2006), Ferndndez et al.
(2005)); more productive employees tend to match with more productive firms (Bonhomme et al. (2019),
Lamadon et al. (2022)); and more skilled workers are more likely to reside in cities with a higher share of
highly educated residents (Diamond (2016), Diamond and Gaubert (2022)). Our baseline model builds
on the canonical framework of marriage markets extensively studied in the family economics literature
(Choo and Siow (2006), Chiappori et al. (2017), Galichon and Salanié (2022)), into which we introduce
labor income taxation. Several intermediate steps of our analysis—such as the representation of the
model with a continuum of types and the characterization of spousal choice probabilities in terms of

elasticities—draw on the insights of Dupuy and Galichon (2014).



The closest papers to ours are Sachs et al. (2020), Scheuer and Werning (2017), Ales and Sleet
(2016), and Ales and Sleet (2022). Like us, Ales and Sleet (2016) and Scheuer and Werning (2017) are
motivated by taxation in Beckerian environments; however, both impose assumptions that guarantee
perfectly assortative matching (PAM) in equilibrium. Under these assumptions, taxes do not affect
sorting and operate only through within-match surplus division. Ales and Sleet (2022) examine optimal
taxation in discrete-choice environments with Gumbel-type shocks. These models feature choices shaped
by both observed characteristics and idiosyncratic non-pecuniary preferences—analogous to marriage
decisions driven by both pecuniary and non-pecuniary factors. Our framework, however, introduces
several additional layers that naturally arise in Beckerian settings: two- and multi-sided matching, rich
non-discrete productivity heterogeneity, intensive margin labor-supply choices, arbitrary distributions
of non-pecuniary shocks, and production complementarities. As a result, both the analytical tools and
the economic mechanisms differ substantially. Sachs et al. (2020) study taxation in the presence of
general-equilibrium effects and show that characterizing those effects requires solving for a fixed point
of a linear system. In our setting, linear operators that characterize sorting and sharing responses also
arise, but the structure of the underlying equations is different.

The normative literature on taxation in Beckerian environments without PAM is relatively scarce.
Gayle and Shephard (2019) numerically solve for optimal taxes in a model of family formation and home
production, but they do not have an analytical characterization and restrict both the matching process
and the tax schedule to low-dimensional objects. Dupuy et al. (2020) provide analytical results, but
only in an economy with two discrete types. Lamadon et al. (2022) numerically examine linear taxes
in a worker—firm matching model with monopsonistic firms, and Berger et al. (2026) quantitatively
study optimal tax progressivity, within the parametric class of Heathcote et al. (2017), when firms are
oligopsonistic.

The paper is organized as follows. In Section 2, we present our baseline environment. In Section 3,
we use a simple two-type economy to illustrate heuristically the key mechanisms through which comple-
mentarities shape the effects of taxation. In Section 4, we develop a general approach for characterizing
how tax reforms affect equilibrium sorting and consumption sharing. In Section 5, we apply these tech-
niques to study individual- and family-based taxation, derive optimal tax formulas, and design tests for
Pareto efficiency of existing taxes. We illustrate the quantitative implications in Section 6. In Section 7,
we show how to extend our techniques to other settings, including models with imperfectly transferable

utility, arbitrary dimensions of heterogeneity, and firm—worker matching environments.



2 The baseline environment

The goal of our paper is to develop a general approach to studying taxation in a broad class of economies
with endogenous matching and surplus sharing. We start by presenting key ideas in a simple model of
couple formation and home production. We refer to this model as the baseline environment.

In our baseline environment, the economy is populated by a unit mass of heterogeneous individuals
who form couples. Events unfold in two stages. In the first stage, each individual chooses a marriage
partner. When choosing a partner, an individual considers both pecuniary utilities, i.e., utilities from
consumption and labor that they can obtain from marrying partners of different types, and idiosyncratic
non-pecuniary preference shocks. In the second stage, married couples produce family surplus. They
pay taxes on their market earnings, purchase consumption goods with after-tax income, and allocate
those goods between spouses. The allocation of consumption and labor determines pecuniary utilities.
In equilibrium, these pecuniary utilities coincide with agents’ expectations in the first stage.

We use w to denote an individual’s type. The distribution of types among agents is denoted by
G. We assume that this distribution satisfies one of two sets of assumptions, to which we refer as the
continuum- and finite-type cases. In the continuum-type case, G is supported on a compact interval in
R, and admits a density. In the finite-type case, G assigns all mass to a finite number of points in
R, ;. Regardless of whether we consider the continuum- or finite-type case, we use the same notation
g = (g(w))y to describe the distribution of types, with the understanding that ¢ is a continuous
probability density function in the former case and a probability mass function in the latter case. In

either case, g is strictly positive on the support of G.

2.1 The marriage decision problem

In this section, we describe the spousal choice problem. Let z = (z(w’)),s be pecuniary utilities
that an individual can obtain from marrying spouses of different types and € = (e(w’)), be their

1

non-pecuniary preference shocks for spouses of different types.” The marriage partner choice of this

individual is described by the following maximization problem:
max z(w') + B e(w’). (1)
,u)/

In this problem, the parameter 8 € (0,00) captures the relative importance of pecuniary motives in
finding a marriage partner: individuals choose partners solely for non-pecuniary reasons as 5 — 0, and

for pecuniary reasons as  — oo.

1In the finite-type case, z is a vector with one coordinate per type and € is a random vector of the same dimension. In
the continuum-type case, z is a continuous function on the support of G and ¢ is a random field indexed by w’. See the
appendix for additional details.



All individuals of the same type face the same menu of pecuniary utilities, but realizations of the
non-pecuniary preference shocks e are idiosyncratic. We use ¥, to denote the probability law from
which type w draws e. We impose little structure on this law apart from mild technical conditions
stated in the appendix. Let

Uy(2) == E, max z(w') + ﬁfle(w’)} (2)

denote the ex-ante expected utility of type w who faces a menu of pecuniary utilities z before non-
pecuniary shocks are realized. The function U, is determined by W, and is, therefore, a primitive
object in our environment.?

In applied work, researchers usually choose specifications for the law ¥,, under which U, has an
explicit analytical expression. For example, the canonical logit model, first introduced by McFadden
(1974) and extensively used in the family economics literature since at least Choo and Siow (2006),
assumes that preference shocks are drawn independently for each w’ from the EV-I distribution with

type-specific location parameters.? In the finite-type case, U,, then takes the form

Un(2) = 87 In (5, exp(B2(w))g(u)) + const. (3)

Its continuum-type version is
Uw(2) = 87" In ([ exp(Bz(w'))g(w)dw') + const,

which is the same expression as (3) but with an integral replacing the sum. Davis and Schiraldi (2014),
Dupuy and Galichon (2014), and Galichon and Salanié (2022) provide explicit expressions for a variety
of other commonly used distributions of non-pecuniary shocks.

We use 0y Uy (%) to denote the partial derivative of U, (z) with respect to z(w’). By the envelope
theorem, 0, U, (2) is equal to the ex-ante probability that a person of type w chooses a partner of type
w’.* For commonly used laws of preference shocks, this partial derivative can be written explicitly. For
example, in the logit model it is given by

exp(B(w)g(w) exp(Ba(w))g(w)
> exp(Bz(w'))g(@') J exp(Bz(w))g(w)dw'”

depending on whether one uses the finite- or continuum-type specification.

Ow Uw(2) = (4)

2In our formulation, we do not normalize the shocks € to have mean zero. Equivalently, we can write (2) as Uy (2) =
Ew [max, z(w') + ®w(w') + B7LE(w")], where Ewé(w’) = 0 for all w’ and @, (w') is an exogenous function that captures
non-pecuniary benefits of matches, such as non-pecuniary preferences for partners of particular types.

3The location parameter of the shock for type w’ is In g(w’), which produces the weights g(w’) in (3) and its continuum-
type counterpart. This centering ensures that, when pecuniary utilities are the same in all matches, an individual is equally
likely to match with any person in the economy; see Dagsvik (1994, 2000).

4In the continuum-type case, Uy, is a functional on the space of continuous functions equipped with the sup norm,
and (0,,»Uw),, denotes its Fréchet derivative, which takes the form of a probability density function under our regularity
conditions; see the appendix for details.



2.2 Pecuniary utilities and complementarities

In our baseline economy, we assume that the allocation of resources within families is efficient. In
addition, we make several assumptions that simplify the exposition but are inessential for our results
(see Section 7 for various extensions of the baseline economy). First, we assume that preferences of
individuals are quasi-linear in consumption. Second, we assume that individuals are heterogeneous only
in labor market productivity, so that a person of type w who supplies [ hours of labor earns y = wl.
Under quasi-linearity, all efficient allocations of labor supplies (I,1") and consumption (¢, ¢’) of the
two spouses solve the problem of maximizing the sum of spousal utilities. We denote taxes on the
earnings of the two spouses by 7 (y,y’) and write the couple’s maximization problem as
v(w,w') = (:33}}(1,) c+cd +N(,1) (5)

subject to the budget constraint
c+d <wl+w'l' = T(wlw'l'), (6)

where A is a twice continuously differentiable, strictly concave function that captures the joint (dis)utility
of labor of the two spouses. The maximization problem (5) pins down the optimal labor supplies (I,1’)
of the two spouses and their total consumption ¢ + ¢’. All efficient intra-family allocations are charac-
terized by the same labor supplies and total consumption, and all feasible divisions of that consumption
into individual consumption pairs trace the intra-family Pareto frontier. We refer to v defined in (5) as
family surplus.

We require both A and T to be symmetric, which implies that v is symmetric as well. The key
economic content of this assumption is that the family tax depends only on the pair of earnings (y,y’)
but not on which spouse earns which, nor on other characteristics, such as sex. We discuss other tax
functions in environments with general multi-dimensional heterogeneity in Section 7.

The cross-partial derivative of A/ will play an important role in our tax analysis. We say that

ey . 2 .y ey . 2 .
there are no complementarities if % = 0, positive complementarities if % > 0, and negative

complementarities if % < 0, for all ({,1'). Complementarities may arise through several channels, as

we illustrate in the following examples.

Example 1. Consider a model of home production in the spirit of Becker (1973). Suppose all individuals
derive utility from a market good ¢ and a home good C, and disutility from labor supply in the market
[ and labor supply at home m. Individual preferences are given by ¢+ C — N(l + m), where N is an
increasing and strictly convex function. The home good is produced with technology D(m,m’), where
m and m’ are the home labor supplies of the two spouses, and D is increasing, symmetric, and concave.

A fraction k of the home good consumption is public within the couple, and 1—k is private. All efficient



allocations in such an economy solve

max c+c + (k+1)D(m,m') = N({+m)— N{"+m') (7)

(e, \ L, ;m,m’)

subject to (6). Let

N(T) := max (k+ 1)D(m,m') — NI +m) — N(I' +m')

(m,m’)
be the value of the optimal allocation of home labor supply and home consumption conditional on
market labor supplies (I,1’). It is immediate that problem (7) can be written as (5), and that the
cross-partial of A/ has the same sign as that of D.

Example 2. Suppose that each individual has preferences ¢ + N (¢, ¢') over their own consumption ¢
and leisure £, as well as the leisure of their spouse ¢, where the function N is strictly increasing in ¢
and weakly increasing in ¢/. Each person has a unit time endowment that can be allocated between
work and leisure. Spouses jointly choose their consumption, labor supplies, and leisure to maximize the
sum of their utilities subject to the budget constraint (6). This maximization problem can be written
as (5) with®

NGy =N1-1,1-U)+N1-1,1-1).

In this specification, the sign of the cross-partial of N is the same as that of N. Thus, complementarities

are positive if spouses enjoy leisure activities more when they do them together.

We assume that the tax function 7 is twice continuously differentiable, and sufficiently well-behaved
so that the optimal labor supplies are interior, unique for each spouse, and satisfy the second-order
conditions strictly.® We do not impose any additional structure beyond these fairly standard regularity
restrictions, and our main results are derived for tax functions that depend on the earnings of the two
spouses in an arbitrary way. However, two special classes of tax functions—family-based and individual-
based—are particularly important because they are common in practice, and we investigate them more
closely. Under family-based taxation, taxes are imposed on the total earnings of the household, so that
T has the form T (y,y') = T% (y + ') for some function T¥. Under individual-based taxation, taxes are
imposed on individual earnings separately, so that T takes the form T (y,vy’) = T(y) + T(y’), where T
is the tax function on earnings of an individual.

The division of total consumption between spouses is endogenous and determined in equilibrium,
and it will be more convenient to work not with the consumption of each spouse but with their pecuniary
utilities. Let u,(w') be the pecuniary utility that an individual of type w obtains in a match with w’.
Feasibility requires that

U (W) + Uy (W) = v(w,w") Yw,w'. (8)

5We assume that the time constraint never binds.
6The second-order condition is verified when 7 is not too concave relative to N.



There is a one-to-one relationship between the pecuniary utilities (uy, (w’), u, (w)) and the consumption

pairs that individuals w and w’ obtain in their marriage.

2.3 Matching equilibrium

A given tax function 7 determines the family surplus v by (5). We describe the equilibrium for any v in
terms of two objects: the collection of pecuniary utilities u = (uy (w'))w w and the collection of choice
probabilities ¢ = (gu(w’))w,w, Where g, (w’) describes the probability with which type w marries type
w'.

The equilibrium should satisfy three conditions. First, the pair of pecuniary utilities (., (w'), Uy (w))
must be feasible, i.e., satisfy (8). Second, the choice probabilities (g, (w’)), must describe optimal

choices for each type w given the menu of pecuniary utilities (u,,(w’)), that they face in equilibrium.

Given our discussion in Section 2.1, this optimality condition can be written as
Guw (W) = O Uy () YV, w'. (9)

Finally, the marriage market must clear. Since non-pecuniary shocks are idiosyncratic, g, (w’) also
describes the fraction of type-w individuals who choose to marry type w’. Therefore, the mass of type-
w individuals who marry type w’ is g, (w’)g(w). By the same argument, the mass of type-w’ individuals
who marry type w is g, (w)g(w’). Since these are the same matches counted from the two sides, the

marriage market clearing condition reads as

Qw<w,)g(w) = Gu’ (w)g(w/) Vw, w' (10)
These equations allow us to define the marriage market equilibrium as follows.”

Definition. An equilibrium in the marriage market given the family surplus v consists of functions
(u, q) such that

(A). marriage choice probabilities ¢ are optimal given u, i.e., equation (9) holds;

(B). the marriage market clears, i.e., equation (10) holds;

(C). pecuniary utilities are feasible, i.e., equation (8) holds.

Our notion of equilibrium is mathematically equivalent to the notion of matching stability (Shapley
and Shubik (1971)): under transferable utility, no pair of individuals can form a match that makes
both better off than in equilibrium, once non-pecuniary shocks are taken into account (Galichon and
Salanié (2022)). The function f = (f(w,w’))ww defined by f(w,w’) := g, (w')g(w) describes the joint

distribution of matches. By (10), f is symmetric; it is a probability density function in the continuum-

"We show in the appendix that the equilibrium is unique.



type case and a probability mass function in the finite-type case. We use F' to denote the cumulative
distribution function associated with f.8

To build intuition for how matching is determined in equilibrium, it is helpful to consider several
special cases. First, let § — oco. In this case, matching is determined solely by pecuniary motives, as in
Becker (1973). Matching is easy to characterize when family surplus is either supermodular or submod-
ular. Matching is perfectly positive assortative in the former case and perfectly negative assortative
in the latter case; in both cases these equilibrium matching patterns maximize total surplus [vdF.
When f$ is finite, sorting is imperfect. If there are no complementarities, taxes are individual-based,
and non-pecuniary shocks are independent of productivities (i.e., the law ¥, is the same for all w), then
matching is random and the pecuniary utility u, (w’) is the same for all w’. When complementarities
are present or the law of non-pecuniary shocks varies with types, capturing, for example, non-pecuniary

preferences for spouses of particular types, equilibrium sorting is generally imperfect.

3 An illustrative example

Before presenting our general approach, it will be helpful to discuss heuristically how the economic effects
of taxation in our endogenous matching model differ from the effects emphasized by the traditional
Mirrleesian tax literature.

Suppose that agents can be of one of two types, w € {L, H}, where L < H. In the two-type economy
there are three kinds of couples: homogeneous couples LL and HH, and heterogeneous couples H L.
We assume that couples are subject to individual-based taxation T'. There can be at most four distinct

earnings levels, which we assume to be the case. We arrange them in increasing order as

Y1 < Y2 <Yz < Ya.

Figure 1 plots a hypothetical tax schedule 7" and these four earnings levels.

We illustrate the effects of taxation by considering a tax reform in the spirit of Saez (2001). Suppose
that the government slightly increases the marginal tax rate on earnings in a small neighborhood of ys3,
keeping all other marginal rates unchanged, as shown in Figure 1(a). In classical Mirrleesian settings,
this reform has two effects. The mechanical effect captures the change in tax revenues in the absence
of any equilibrium adjustments. In this example, it is equal to the increase in statutory taxes for g,-
earners. The direct behavioral effect captures how individuals change their labor supplies in response

to changes in their taxes. In this example, it is determined by the reduction in the labor supply of

8We define the equilibrium in terms of pecuniary utilities v and choice probability densities g, since understanding the
properties of these objects is central to our characterization of optimal taxation. It is common in the literature (see, e.g.,
Chiappori and Salanié (2023)) to define a matching equilibrium in terms of u and f. Since f and ¢ are proportional to
each other up to the exogenous g, the two ways of defining the equilibrium are equivalent.
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(a) Increasing taxes on the rich, y > ys. (b) Increasing transfers to the poor, y < ys.

Figure 1: The tax reform in panel (a) increases taxes for individuals with earnings y > ys3 by slightly raising the
marginal tax rate in a neighborhood of y3. The tax reform in panel (b) increases transfers to individuals with earn-
ings y < y2. The phasing out of these transfers raises the effective marginal tax rate at ya.

yz-earners in response to the increase in their marginal tax rate. These two effects fully summarize the
economic consequences of any tax reform in Mirrleesian settings.

Three additional, Beckerian, effects emerge in our economy. The reduction in the labor supply
of ys-earners affects the incentives of their spouses to supply labor even though the spouses are not
directly affected by the tax reform. We refer to this earnings response as the indirect behavioral effect.
Moreover, because of the tax increase, some gy -earners may leave their matches and marry other types.
This leads to changes in both equilibrium sorting and surplus sharing, to which we refer as the sorting
and sharing effects.

To build intuition for the Beckerian effects and the role of complementarities, suppose that the tax

function is affine with slope 7 € (0,1) and that N is given by
Ny =30 = L) + ol

where the parameter ¢ € (—L/H,1) captures complementarities in labor supply. Under this specifica-

tion, the labor supply optimality condition for w married to w’ is
lo(w") = (1 = 7)w + ¢l (w). (11)

This equation shows that a higher labor supply of the partner increases w’s incentives to supply labor
under positive complementarities and decreases them under negative complementarities.
Combining this optimality condition with the optimality condition for {,,(w), we can solve for the

optimal earnings as
(1—-71)w
1—¢2

Equation (12) shows that if complementarities are positive, then earnings are ordered as

Yo (w') = (w + pw'). (12)

yr(L) <yr(H) <ym(L) <yu(H),

11



so that individuals in homogeneous matches are in the tails of the earnings distribution, and that the
earnings function y = (yu(W'))ww is supermodular in (w,w’). Supermodularity implies that total
earnings in the economy, and hence tax revenues, are higher if matching is more assortative. Under

negative complementarities, earnings are ordered as
yo(H) <yr(L) <yw(H) <yu(L),

the earnings function is submodular, and earnings and tax revenues are higher when matching is less
assortative.

These observations help to understand the Beckerian effects qualitatively. Suppose that complemen-
tarities are positive. Then the tax reform in Figure 1(a) increases the marginal tax rate at y3 = yg(L).
As these earners decrease their labor supply, their partners’ earnings yo = yr, (H) fall as well due to the
indirect behavioral effect. Furthermore, H types married to H face higher total taxes after the reform,
which increases the incentives for H types to marry L. This raises H’s demand for L types in the
marriage market and increases the share of surplus that L types obtain in H L matches. Consequently,
the tax reform makes matching less assortative, further reducing earnings and tax revenues through the
indirect behavioral and sorting effects, but it increases intra-family redistribution from H to L types in
HL matches. The analysis of negative complementarities is similar. The indirect behavioral effect now
raises tax revenues, as the reduction in the labor supply of each ys-earner raises the labor supply of
their spouse. The tax reform also reduces the incentives to form H L matches, and it lowers the share
of surplus that L types get in such couples.

The sign of the indirect behavioral effect is always the same, irrespective of which agents face an
increase in marginal taxes: it is negative (i.e., it reduces tax revenues) under positive complementarities
and positive under negative complementarities. The same is true for the sharing effect, but the sign
of the sorting effect depends on which agents face a tax increase. Suppose, for example, that the tax
reform increases taxes for all earnings above ys or, analogously, increases transfers for all earnings
below ys, as depicted in Figure 1(b). Under positive complementarities, this reform makes forming LL
matches more attractive. Consequently, it makes matching more assortative, which raises earnings and
tax revenues, and it increases L’s share of surplus in H L matches. Under negative complementarities,
the reform in Figure 1(b) makes forming H L matches more attractive. Consequently, it makes matching
less assortative, which again raises earnings and tax revenues, but it lowers the share of surplus that L
obtain in H L matches, as L types keep only a fraction of the transfer and their H spouses get the rest.
Thus, the sorting effects of the two reforms in Figure 1 have opposite signs, while their sharing effects

have the same sign.
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4 Tax reforms in matching environments

In the previous section, we discussed heuristically the effects of tax reforms in a two-type economy. We
now consider tax reforms systematically in general settings. For concreteness, we focus on the analysis
of the economy with a continuum of types; the analysis of the finite-type economy is very similar.

Let T be a tax function, v the corresponding family surplus, (u, ¢) the equilibrium, f the joint distri-
bution of matches, and y = (yu(w'))w .« the optimal choices of earnings. Suppose that the government
changes taxes to T + T, where T is an arbitrary symmetric,” twice continuously differentiable function
and € is a scalar. All equilibrium objects are then functions of €, and we use dots to denote their
derivatives with respect to ¢ at € = 0; for example, ¥ is the response of family surplus to the reform.
As we explain in the appendix, these derivatives are well defined, since the equilibrium is differentiable
in €.

It will be helpful to introduce several conventions. For any variable that is a function of (w,w’), we
introduce a swap operator, denoted by the superscript s, that swaps the indices w and w’. For example,
if y,, (w’) denotes the earnings of person w married to w’, then y (w') = y,v (w) denotes earnings of the
spouse of that person, i.e., of person w’ married to w. This convention allows us to write succinctly the
earnings in all matches as (y,y®). Symmetric functions are obviously unaffected by the swap operation,
e.g., v =u.

Slightly abusing notation, we use the shorthand 7 (w,w’) to denote T (y,(w’),ys (w')), ie., the
total pre-reform tax burden of family (w,w’). Similarly, we use T (w,w’) to denote T (yw(w'), yS,(w')).
Note that 7 (w,w’) captures the statutory changes in taxes for couple (w,w’), i.e., the change in the
couple’s taxes evaluated at the pre-reform earnings. We apply the same convention to other functions
of earnings, such as marginal tax rates, throughout the paper.

The effect of a tax reform on family surplus is easy to characterize using the envelope theorem,
which yields

=T, (13)

in the sense that ©(w,w’) = =7 (w,w’) for all (w,w'). We now show how to characterize the behavioral,

sorting and sharing effects of this tax reform.

4.1 Sorting and sharing effects

The choice probability g, (w’) depends both on the pecuniary utility wu, (w’) offered in that match

and on pecuniary utilities (u,(@")) 42w available in alternative matches. Let v, (@'|w’) denote the

9Recall that symmetry captures the fact that the labeling of spouses is arbitrary.
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semi-elasticity of ¢, (w’) with respect to the pecuniary utility offered by an alternative match w':

=02, U ()
w o) — — w/I w / = ww! T WATW
Y (@' [0) (W) ==

'y S matching elasticities.' As we shall see, they are the key

for all " # w'. (14)

We refer to v = (7 (0'[0')) 0
objects that determine sorting and sharing responses.

Recall that the function U, is fully determined by the law of non-pecuniary shocks W,. Thus,
matching elasticities capture local properties of this law, summarized by the ratio %%’MU” In this
sense, they are analogous to price elasticities in consumer theory, which summarize consumer prefer-
ences in terms of certain derivatives of the utility function. Like price elasticities, matching elasticities
in general depend on the point at which this ratio is evaluated. We evaluate those elasticities at the
equilibrium corresponding to 7. The parallel with price elasticities extends further. Like price elastici-
ties, matching elasticities are partial equilibrium objects: they summarize how an individual w responds
to person 1’ offering an additional dollar of consumption, and do not consider why person @’ is offering
that dollar or the equilibrium repercussions of w taking that offer and forming a match with @’. One
can in principle estimate matching elasticities directly, say, by instrumenting for changes in surplus
sharing. For all commonly used multinomial logit models, matching elasticities are available in explicit
form. For example, in the standard logit model, the matching elasticity is ., (@'|w’) = B¢, (w'), which
can be seen by differentiating (4).

Let

Tulw) i= [ (@'l
which captures how the probability of w matching with w’ changes if all types @’ # w’ offer an extra
dollar to w.! Tt is easy to see from equation (1) that an extra dollar offered by all potential spouses,

including @' = w’, does not affect the optimal spousal choice. This implies that ¥, (w’) also satisfies

Fw(W') = Oy In gy (w'), i.e., it is the semi-elasticity of ¢, (w’) with respect to wu,, (w"). Furthermore, 7

Y (|w’)
Fuw (w")

is positive, so that describes the probabilities with which person w marries other types if they
respond to losing a dollar in surplus in their current match by leaving w’.
To find the sharing and sorting responses (4, ¢), we differentiate equations (8)—(10) and rearrange
terms. To write the resulting equations succinctly, let 7 be defined by
ST,
Trw(w') = / Wuw(@a’)dw’. (15)
It captures the change in the expected value of the outside option of person w who was married to w’

before the tax reform. It consists of changes in pecuniary gains that person w can get in other matches,

10In the continuum-type case, (Bé,w,Uw (uw)) is the off-diagonal part of the second Fréchet derivative of Uy,

w’ ! #w’!
which we assume is represented by a continuous kernef:S so that v, is a continuous function. We provide additional details
in the appendix.

' The finite-type version of this definition is Fy, (w') := > Yw(W'[w’). The same comment applies to finite-type
versions of all integrals that appear in this section.
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(U (W")) 40+ Weighted by the probabilities with which person w leaves their current match with w’

for each alternative, (%)W#w/. Using 7, we can write the responses © and ¢ as
T (W) = Ty (W) + % X (O(w, w') — 7, (w') — 72 (w')) (16)
Tuw) + 35, (w) -
bargaining weight
and
Gulw) _ Swl0O) (i, ') — ') — w5 (w'). a7)

Quw(w')  Fow(w') + 75, (w)
—_——
match sensitivity

Equation (16) shows that the change in pecuniary utility of any type w married to w’, 4, (w’),

depends on two terms: the change in the outside option, 7, (w’), and a share of v(w,w’) — 7y, (w') —

75 (w’). The latter term captures the change in the net surplus of the match, i.e., the difference between

surplus v(w, w’) that w and w’ obtain by forming a match and the sum of their outside options (recall

that the superscript s means that 7% (w’) = 7, (w) is the change in the outside option of type w’ married

Ve (W)

to w). Changes in the net surplus are borne by spouses in proportion to E (T Ry o

for person w

Fuw (W)
Fw (W) 475, (W)

weights are determined by matching elasticities, with the less elastic spouse getting a higher weight.

and for their spouse, which can be interpreted as endogenous bargaining weights. These
The reason is market clearing. The more elastic spouse’s partner choice responds more strongly to their
share of the change in net surplus, so the same share moves more of their type in or out of the match
than it moves their partner’s type. To keep the two sides of the match in balance, the less elastic spouse
must bear the larger share.

Equation (17) shows that sorting responses are also determined by changes in net surplus. The
fraction of (w,w’) matches that dissolve in response to a unit reduction in net surplus is given by

Fw (w') 75, (w')
Fw (w')+75, (W) ?

to which we refer as the match sensitivity. The match sensitivity is the common rate at
which the two spouses leave (or enter) the match once the reduction is split between them according
to their bargaining weights. Higher matching elasticities imply higher sensitivity and stronger sorting
responses to changes in net surplus.

To solve these equations, use equation (15) to substitute for 7 in (16). One obtains a linear integral

equation that determines 4 as a function of ¥, which can be written as
U= Ov+ Au — Ba, (18)

where the linear operators ®, A, and B are defined solely by 7.2 One can verify that both A and B

are positive and that A + B is Markov, i.e., a stochastic matrix in the finite-type case. This implies

12In this expression, the (w,w’) element of @7 is given by (©v)(w,w’) = [ O, . (B, D" )0(@, d")d(W, %) where
=5 ’

O, (W, 0" = %&D:wémzw/ and dy=, is the Dirac delta function that puts all mass on the point w.
’ w w

~/ !

The terms A< and B4 have an analogous structure, with A, .,/ (@,%") = Yo (@ |w")

a5 (o) ow=w and Buy, (@, 7) =
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that the spectral radius of A — B is strictly less than one (see the appendix for details), which allows
us to write the solution as

i =Ko (19)

where K is given by
K=(I-A+B)'©@=0+(A-B)®+(A-B)?O+---. (20)

The geometric series in (20) has a simple economic interpretation. The first term, @, captures
how agents within couples share the change in family surplus ¥ according to their bargaining weights
encapsulated in @. This sharing changes the outside options of spouses. The second term, (A — B)®,
describes how spouses adjust consumption shares in response to these changes in outside options. These
adjustments in turn further change outside options, which requires further adjustments (A — B)?©,
and so on. Since the spectral radius of A — B is less than one, each round of adjustments is smaller
than the previous one, and the series converges.

We can now combine (19) and (13) to find the sharing responses © as a function of 7. Substituting
this solution into (17), we can then find ¢/q and, therefore, f /f. We summarize these results in the

following lemma.

Lemma 1. Let the operator M be defined as M := CK, where the operator C is given by C, v (0, w') :=

Ao (W) =00 =apr — Yoo (W' |W')dp—rp. The sorting and sharing responses to any tax reform are given by
i=-KT, f/f=d/q=-MT. (21)

Equation (21) characterizes the sharing and sorting responses to arbitrary tax reforms. These
responses are captured by the operators K and M, which depend solely on matching elasticities. The
operator K captures the economic incidence of tax reforms: it takes the statutory changes in taxes T
for all couples and returns the changes in the pecuniary utility of every agent, —K7. The operator
C translates changes in pecuniary utilities into changes in choice probabilities, and the operator M
combines the two steps.

In Lemma 1, we constructed particular operators K and M that describe sorting and sharing
responses. These operators are not unique. Tax reforms T are symmetric functions of (w,w’), so (21)
determines how K and M act on symmetric functions but leaves their action on all other functions
unrestricted. Any K and M that agree with K and M on symmetric functions therefore satisfy (21) as

well. For the purpose of theoretical analysis, all such operators are equivalent: they describe the same

~ 7
%(SQZW. Equations such as (18) are known as Fredholm integral equations of the second kind. The role of
these equations in the theory of taxation was first highlighted by Sachs et al. (2020). In the case of a finite number of
types, ®, A, B are square matrices.
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equilibrium responses in terms of the same matching elasticities. The advantage of the construction
of K and M that we provide in the text is that it is general and applies to any law of shocks ¥. We

provide illustrations of other equivalent operators in Section 6 and in the appendix.

Illustration in the two-type economy

We illustrate applications of Lemma 1 using the two-type economy introduced in Section 3. We arrange
the sharing responses in the vector @ as @ = [ig (H),ug (L), ur(H),ur(L)]T. Direct calculations show

that ®, A and B can be written as

1/2 0 0 0 0 1/2 0 0 0 1/2 0 0
0 1-6 0 0 6 0 0 0 0 O 0 1-6
© = 0 0 6 0 » A= 0 O 0 1-6 » B= 6 0 0 0 ’
0 0 0 1/2 0o 0 1/2 0 0o 0 1/2 0
where 6 = #% is the bargaining weight of L in H L matches.!® Using (20) to compute K, we
obtain
1/2 0 0 0
K — /2 1—-60 0 —(1-6)/2
T —6/2 0 0 (1-6)/2
0 0 0 1/2

One can verify that (A — B)* = 0 for all k > 1, which shows that with two types all equilibrium
adjustments described by the geometric series in equation (20) happen in a single round.

Substituting this K into (21), we obtain @. Spouses in homogeneous matches share the tax burden
equally, ur (L) = —%T(L,L) and uy(H) = —%T(H, H). The effect of the tax reform on spouses in

heterogeneous matches is

1. %) 1. 1-6
up(H) = —§T(L,L) + 5% up(L) = _iT(Hv H) + T% (22)

where

¢ =T(H,H)+T(L,L)—T(L,H)—T(H,L)

captures the change in the modularity of taxes induced by the reform. This equation illustrates the point
that we made in equation (16) that sharing is determined by two motives: changes in outside options
and changes in net surplus. Consider a person L in a heterogeneous match. The outside option of that
person is to marry an L type. The tax reform changes the value of that outside option by 7 (H) =
—%7"(L7 L). The net surplus is equal to the difference between the surplus in heterogeneous matches
v(H,L) =v(L, H) and the two outside options of spouses, 3v(L, L) and jv(H, H). Therefore, changes

in the net surplus are captured by changes in the modularity of v. If a tax reform makes the tax schedule

B3With two types, we have Fu, (w’) = v (@' |w’) for all w, w’ # @', so that ®, A and B can be expressed in terms of
bargaining weights. The bargaining weights in homogeneous matches are %, while the bargaining weights in heterogeneous
matches are 6 for L and 1 — 0 for H.
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more supermodular, then ¢ > 0. More supermodular taxes make after-tax earnings less supermodular
in productivities and, therefore, reduce the benefits of assortative matching. Consequently, the net
family surplus in heterogeneous matches increases, and the L-type captures a share 6 of that surplus
change. Similar intuition applies to the expression for g (L).

The modularity change ¢ also affects sorting. Applying (21) to find f/f, we obtain

f(L,H) _ f(H, L) Au(H)yu(l) ¢
25

f(LH)  f(H.L)  yo(H)+7u(L)

which shows that the share of heterogeneous matches increases if taxes become more supermodular.

(23)

The share of homogeneous matches falls by the same amount.
In Figure 1(a), we considered a tax reform that increases individual-based taxes for the highest

earners. Under positive complementarities, this reform increases taxes for H H families by T (H, H) = 2

and has no effect on taxes of other families. Consequently, equation (22) yields

ag(H) = -1, ag(L)=—0, ar(H)=0, ar(L)=0.

Under negative complementarities, this reform increases taxes for HL families by T(H,L) =T (L, H) =
1, and equation (22) implies

ﬂH(H):O, HH(L):—l—i-e, ’llL(H)Z—e, ’IlL(L):O.

As we discussed in Section 3, in both cases, consumption sharing increases in heterogeneous matches.

The bargaining weight § = #% captures the strength of this sharing response.

When do taxes not affect sorting?

Equation (23) shows that in the two-type example a tax reform does not affect equilibrium sorting if it
leaves the modularity of taxes unchanged, ¢ = 0. This result is more general and applies to economies

with any number of types. The following lemma formalizes this observation.

Lemma 2. f =0 if and only if T is additively separable in the sense that T(w,w') = 7(w) 4+ 7(w') for
some 7. In particular, there are no sorting responses if

(a). the tax reform is a uniform lump-sum tax or transfer, T = +1, in which case sharing responses
are U = :F%;

(b). there are no complementarities and tazes are individual-based, in which case 4 = —T, where T

is the perturbation of the individual earnings tax schedule.

This lemma makes several observations. As has been known in the matching literature since Becker

(1973), equilibrium sorting is determined by the modularity of the surplus function v, which is captured
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by the cross-partial derivative of v. Since © = —7, the modularity of v remains unchanged if 7 is addi-
tively separable in the two spouses’ types. Lemma 2 also provides two important special cases of such
reforms. First, a uniform lump-sum tax or transfer to all families has no effect on equilibrium sorting.
All families share the burden of such taxes equally, and an extra dollar of taxes for all couples reduces
spousal consumption by 50 cents. Second, if there are no complementarities and taxes are individual-
based, then tax reforms have no sorting effects, and their statutory and economic incidences coincide,
o= —T. Conversely, complementarities in labor supply, induced either through home production or

through jointness of the tax function, lead to non-trivial sorting and sharing effects of tax reforms.

4.2 Behavioral effects

The analysis of the behavioral effects closely parallels that of behavioral effects in multi-good Mir-
rleesian economies. The surplus maximization problem (5) that describes optimal earnings choices
within matches is mathematically isomorphic to a problem of a single consumer who chooses an optimal
multi-good consumption bundle subject to a general, potentially non-linear and jointed tax function.
Similarly to the previous section, we use the shorthand (%T(w,w’ ) to denote the marginal tax rate
a% (yw (W), y3 (w")) of type w married to w’, and %Tﬁ(w, w’) to denote the marginal tax rate of their
spouse. The same convention applies to %T and 3%7.‘5, which denote the statutory changes in marginal

taxes induced by the reform.

Lemma 3. The behavioral responses § to any tax reform are summarized by & = (Eu(W')) wu and

¢ = (Cuw(wW")) ww , which may depend on T but are independent of the reform, so that

Y (w') _ Ew(w') 9 ; ’ G (w") 9 g ’

yo(w) 1= BT (w,w)dy
/8187021/'/\/ _ v’ 85021/’T
-&N 1-27
evaluated at the optimal choices (y, (W), ys, (w')). In addition, {,(w') and ¢, (w') satisfy Slutsky sym-

The variable &, (w') is positive, while the sign of (,(w') is the same as the sign of

metry, i.e.,
Yo (w)Cw(w’) _ ys (W), (w')

1-— 3%7'5(107111’) 1-— %’T(w,w’)'

The variable &, (w’) in Lemma 3 is the elasticity of labor supply of person w married to w’ with
respect to their retention rate, and the variable ¢, (w’) is their labor supply elasticity with respect to
the retention rate of the spouse. These two variables are analogues of compensated own- and cross-
price elasticities in consumer theory. The own elasticity is positive, while the sign of the cross-elasticity
depends on cross partials of A/ and 7. A positive value of (,(w’) means that the individual reduces
their earnings in response to an increase in their partner’s marginal tax rates. This occurs either if

there are positive complementarities or negative jointness in the tax function.
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4.3 Effects of tax reforms on revenues and welfare

Lemmas 1 and 3 allow us to characterize the impact of any tax reform on government revenues and

social welfare. The government tax revenues are

1
= §/T(y,y5)dF

where the factor % appears in front of the integral to avoid double counting of taxes since the mass of
couples is equal to % Differentiating this expression in the direction ’7', while taking into account that

T, y, y® and f are all affected by the reform, and applying Lemmas 1 and 3, we obtain

) oT*® 1 :
/TdF+ —T dF+ aT JPdF + —/deF (25)
/TdF 87.—dF /C dF /T M7 dF .
ay 1— ‘987_ Oy
ﬁ_/
mechamcal direct behavioral indirect behavioral sorting

The four terms in this equation represent the mechanical, direct and indirect behavioral, and sorting
effects of tax reforms. The mechanical and behavioral effects have the structure familiar from Mirrleesian
models. The sorting effect is new and is captured by the operator M constructed from matching

elasticities. The sorting effect can equivalently be written as

% / M*T - TdF, (26)

where the integral operator M* is related to M via My, (0,0') = Mgy g (w, v’ )fEZj Z/; 14 This
alternative representation will be more convenient in some of the applications.
The impact of tax reforms on welfare can be found similarly. For concreteness, suppose that social

welfare is given by

w ::/ozdeG7 (27)

where o = (a(w)) ,, are Pareto weights, i.e., a positive function normalized to [ adG = 1. Using (9) to

compute the derivatives of U,,, we obtain

W= / qw( Ng(w) d(w, w') / KTdF = - /K*a TdF, (28)
T T e

1470 see this, write the integral operation of sorting effects explicitly and change the order of integration

/T~MTdF= /T(w,w’) UMw,w,(w,w’)T(w,w’)d(w,w’)} f(w, w")d(w, w)

— [ | [ Muurt ) E“f “3:; T, T, ), )

/ V M, e (@, &) T (D, w’>d<w,w’>} T (w, w') f (w, w')d(w, w') = / M*T - TdF.
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where the operator K* is defined analogously to M*. By the envelope theorem, changes in sorting have
no first-order effect on welfare; the reform affects welfare only through the changes in pecuniary utilities
u, and this equation shows how endogenous sharing determines this effect.

Using these two expressions for R and W, one can describe the incidence of any tax reform, test
whether existing taxes admit Pareto-improving reforms, and characterize taxes that maximize the social
welfare function. In the next section, we apply these formulas to study properties of the two most

common forms of taxation of married individuals: family- and individual-based taxes.

5 Individual- and family-based taxation of income

We start with the analysis of family-based taxation because it is somewhat simpler and allows us to

present the key steps more transparently.

5.1 Family-based taxation

Under family-based taxation, taxes satisfy T (y,(w’),y2 (w')) = TF (yo(w') + y5 (w')), or T = TF for

short, and admissible tax reforms are of the form 7 = TF. Let
Y (w, w/) = yw(wl) + yfv(w/)

be family earnings under the tax schedule TF. We use H¥ to denote the distribution of family earnings,
and we use h¥ to denote its density. Both spouses face the same marginal tax rate, which we denote

F
by %7;,

Substituting TF and TF for 7 and 7 into equation (25), we can express the effect of family-based
tax reforms on revenues as
1

> F rE F 1 } & %YF J rE F

where & := 2K [£ (( + () |Y] is the elasticity of family earnings, a weighted average across the two
spouses of the sum of their own- and cross-elasticities of labor supply. Equations similar to (29) appear
in Mirrleesian models, with the key difference that the first integral captures the mechanical effect and
also includes the sorting effect, through the operator M*.

For concreteness, take a reform that raises the marginal tax rate at the family earnings level ¢, so
that the tax bill of all families with earnings above ¢ goes up by one dollar, TF = ly>¢.*® By (29), this

reform changes revenues by SA¥(¢), where

T e

AF(t) = (1 - H"(t) (1 - EM*T"|Y >t]) =27 R* (1). (30)

nE
15This reform is not twice continuously differentiable: it raises the marginal tax rate by %LY = dy—¢. However, it is
the pointwise limit of twice continuously differentiable reforms, and its effects on revenues and utilities are the limits of
their effects; see the appendix.
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Thus, the sign of A¥(#) tells us whether the marginal tax rate at ¢ is to the left or to the right of the

local peak of the Laffer curve.
Welfare-maximizing taxes

Consider the problem of choosing a family-based tax schedule TF that maximizes welfare W subject to
the budget constraint R > 0. By Lemma 2, a unit increase in lump-sum taxes reduces the utilities of
all agents, and therefore social welfare, by % Since this reform has no behavioral or sorting effects, it
also raises revenues by % Therefore, the Lagrange multiplier on the budget constraint equals 1, and

the optimal family-based taxes T satisfy
W+R=0 foral TF. (31)
By (28), raising the marginal tax rate at ¢ reduces welfare by (1— H¥ (t))E[K*a|Y > t], while it changes
revenues by %AF(t). Hence, by (31), optimal taxes satisfy, at every family earnings level ¢,
(1— HF () E[K alY > f] = %AF(t). (32)

Condition (32) states that, at the optimum, the welfare loss from raising the marginal tax rate at ¢
equals the resulting change in revenues. Substituting (30) into (32) yields the following characterization

of optimal taxes.

Proposition 1. The optimal family-based tax schedule, at every family earnings level t, satisfies

or¥(t)/oy 1 1—HF(t)
1—0TF(t)/0Y — £F(t) hF(t)t

The optimal family-based tax formula has the flavor of the “ABC” formulas popularized in Mir-

E [l -2K*a— M*T"|Y > t]. (33)

rleesian economies by Diamond (1998) and Saez (2001). As in the ABC formula, the optimal marginal

tax rate at the earnings level ¢ is proportional to the inverse of the elasticity of earnings £¥(¢) (the “A”

1—H(t)

term in Diamond’s formula) and to the earnings hazard ratio == Gn

(the “C” term). The “B” term,
however, is different. It includes the sorting and sharing effects, captured by the operators K* and M*,

both of which are constructed from matching elasticities .
Efficient taxes

Optimal taxation requires taking a stance on the social weights in the welfare function. One may ask
a weaker question: whether it is possible to reform a given tax T¥ in a budget-feasible way so as to

make all individuals better off.1 We say that taxes are (locally) efficient if there is no budget-feasible

16 A number of recent papers (e.g., Bierbrauer et al. (2023), Bergstrom and Dodds (2026), Becko and Sztutman (2026))
design tests of the (local) efficiency of a given tax schedule in Mirrleesian settings. Such tests determine whether it is
possible to perturb 7 in a revenue-neutral way so as to make all agents better off. A closely related “inverse Pareto
weight” literature (Blundell et al. (2009), Lockwood and Weinzierl (2016), Hendren (2020)) seeks the Pareto weights
under which the existing tax T is a (local) optimum. One can show that T is efficient if and only if the implied inverse
Pareto weights are nonnegative. Following most of the literature, we restrict attention to the local notion of efficiency in
this section. See Werning (2007) for the results on global efficiency.
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perturbation, R> 0, that makes agents in all matches better off, @ > 0.

Proposition 2. The tax TY is efficient if and only if there exist Pareto weights a = (a(w,w"))w

normalized to one'” such that (32), or equivalently (33), holds at every family earnings level t.

Proposition 2 is the local version of the familiar result that an allocation is Pareto efficient if and
only if it maximizes a weighted sum of utilities for some Pareto weights. It thus extends the inverse-
optimum approach discussed in footnote 16 to Beckerian environments. Unlike (27), the Pareto weights
may differ across agents of the same type married to different partners, since our notion of efficiency
requires agents in all matches to be better off.!®

Suppose that raising the marginal tax rate at t lowered the utility of each spouse in families with
earnings above ¢ by half a dollar and did not affect anyone else, as in Mirrleesian models, so that
@ = —Klysy = —31ys;. The left-hand side of (32) would then equal § Jy», @dF, and (32) would state
that the total Pareto weight on agents in families with earnings above ¢ equals AF (). The Laffer curve
would pin down the implied weights, and taxes would be efficient if and only if AF is nonincreasing and
takes values between zero and one. In particular, taxes would be inefficient whenever the marginal tax
rate at some ¢ is to the right of the peak of the Laffer curve, AF(¢) < 0.

In Beckerian environments, this is no longer the case, because of the sharing effects of the reform on
other families. For example, in the two-type economy of Section 4, a tax increase on H H couples lowers
the outside option of H types married to L types, and by (22) their L spouses gain, ur(H) =60/2 > 0.
A planner who puts a sufficient weight on L types may then optimally set the marginal tax rate beyond
the peak of the Laffer curve. Instead, Proposition 2 implies that taxes are inefficient if two conditions
hold at some family earnings level ¢t. First, the marginal tax rate at ¢ is to the right of the peak of
the Laffer curve, AF(¢) < 0. Second, raising it makes no agent better off, Kly~; > 0. In this case,
the left-hand side of (32) is nonnegative for any Pareto weights, while the right-hand side is negative.
Intuitively, any tax increase makes some agents worse off, so Pareto improvements must come from
tax cuts. Cutting the marginal tax rate at ¢ raises revenues without making any agent worse off, and
rebating these revenues lump-sum makes all agents better off.

Proposition 2 also gives a practical way to test whether an existing tax schedule is efficient. Combin-
ing estimates of behavioral and matching elasticities, the distribution of family earnings, and marginal
tax rates, one can compute the right-hand side of (32) on a fine grid of family earnings. On a discretized
productivity grid, K* is a matrix, so the term E[K*«|Y > t] is linear in «, so that (32) becomes a

system of linear equations with one equation for each earnings level on the grid. Then, a standard

17In general, these weights may have to be a probability measure over agents in matches rather than a nonnegative
function; see the appendix.

180One may instead use an interim notion of efficiency: taxes are interim (locally) efficient if there is no budget-feasible
perturbation that makes each agent better off before entering the marriage market, Uy > 0. Proposition 2 continues to
characterize this notion of efficiency with the added restriction that « is independent of the partner’s productivity w’.
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linear programming solver can be used to efficiently determine whether this system has a solution with
nonnegative weights normalized to one: if it does, taxes are efficient; if it does not, they are ineffi-
cient. The exact same idea applies to Mirrleesian settings; however, there efficiency can be tested by
directly examining A¥. Since the sorting and sharing effects are absent, the left-hand side of (32) equals
1(1—H"(t))E[e|Y > t], and so by Proposition 2, taxes are efficient if and only if AF is a nonincreasing
function bounded between zero and one, which is precisely the characterization of Bierbrauer et al.

(2023).

5.2 Individual-based taxation

Under individual-based taxation, taxes take the form T (y,(w’),y5 (w')) = T(yw(w")) + T(y5,(w')), or
T = T +T* for short, and admissible tax reforms are of the form 7 = T + 7. We use H to denote the
distribution of individual earnings under the tax schedule T', and we use h to denote its density.
Similarly to the previous section, we study optimal and efficient taxes using a reform that raises
the marginal tax rate at the individual earnings level ¢, which now increases the tax bill of a couple

by T = 1yt + 1ys>: (see footnote 15). Following the same steps as before, we can obtain that such a

reform changes revenues by A(t) given by
1 1
A(t) :==(1 - H(t)) (1 -E {2M*(T+ T°) + §(M*(T+T5))5|y > t})

~ (80T B [T gl =1 ) no, (39
where ¢ := E [¢]y] is the average elasticity of individual earnings. The first term combines the mechanical
effect and the sorting effect, which now has two terms, M*(T 4+ T°) and (M*(T + T%))*, one for each
spouse.'® The second term is the behavioral effect. In addition to the direct effect, which is proportional
to the own elasticity £(¢), it includes the indirect effect. The spouses of individuals with earnings ¢
adjust their labor supply, which affects revenues in proportion to the cross-elasticity ¢ and the spouses’

marginal tax rates.

Welfare-maximizing taxes

As in Section 5.1, the Lagrange multiplier on the budget constraint equals 1. By (28), raising the
marginal tax rate at ¢ reduces welfare by (1 — H(¢))E [K*a + (K*«)®|y > t], while it changes revenues

by A(t). Hence, optimal taxes satisfy, at every individual earnings level ¢,
(I1-H@))E[K'a+ (K'a)ly >t] = A(t). (35)

Substituting (34) into (35) yields the following characterization of optimal taxes.

19To derive equation (34), we used the symmetry of F, so that [ M*(T 4 T%) - T%dF = [(M*(T + T*¢))* - TdF. In
general, M*(T + T*) is not symmetric.
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Proposition 3. The optimal individual-based tax schedule, at every individual earnings level t, satisfies

1= oT(6)/0y &(t) h(b)t ]E{l‘K @ = (K')* = SMY(T+T°) — S (M (T +1%))*|y > ¢
¢ orsjoy
& arem =] (36)

Efficient taxes
The analogue of Proposition 2 is as follows.

Proposition 4. The tax T is efficient if and only if there exist Pareto weights a = (a(w,w"))w w

normalized to one such that (35), or equivalently (36), holds at every individual earnings level t.

In particular, taxes are inefficient if two conditions hold at some individual earnings level ¢. First, the
marginal tax rate at ¢ is to the right of the peak of the Laffer curve, A(t) < 0. Second, raising it makes
no agent better off, K(1,5~; + 1ys5¢) > 0. Without complementarities, the second condition always
holds. By Lemma 2, raising the marginal tax rate at ¢ then reduces the utility of each individual with
earnings above ¢ by one dollar and does not affect anyone else, as in Mirrleesian models. In this case,
(35) reads fy> ,adF’ = A(t), so taxes are efficient if and only if A is nonincreasing and bounded between
zero and one, as in Bierbrauer et al. (2023). With complementarities, the test can be implemented as
in the family-based case, by using a linear programming solver to check whether (35) admits a solution

with nonnegative Pareto weights.

5.3 Complementarities and taxation in Beckerian economies

In our economy, sorting and consumption sharing occur both because of complementarities in labor
supply and because of non-pecuniary preference shocks. As we discussed in footnote 2, our formulation
of non-pecuniary shocks is also isomorphic to adding an arbitrary symmetric component ®(w,w’) to
family payoffs that is independent of consumption and labor supply. Although complementarities in
labor supply and non-pecuniary complementarities can have similar qualitative effects for sorting and
consumption sharing, they have different implications for taxation. Complementarities in labor supply
give rise to the sorting, sharing, and indirect behavioral effects of taxation, whereas these three effects
are absent if sorting is driven purely by non-pecuniary motives.

Consider an economy in which there are no complementarities and taxation is individual-based.
In such an economy, individuals may have non-trivial sorting and sharing patterns for non-pecuniary
reasons. However, as the next proposition shows, the effects of taxation in such economies are the
same as in the traditional Mirrleesian analysis. In particular, optimal taxation in such models coincides
with that of Diamond (1998), who studied optimal taxation in the Mirrleesian model with quasi-linear

preferences.
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Proposition 5. Suppose there are no complementarities, so that N takes the form N'(1,I') = —N(l) —
N(U") for some function N. Then the optimal taxes on individual earnings coincide with the optimal
taxes in the Mirrleesian economy with the same primitives N, G and «. In particular, the optimal tax
formula is the same as in Diamond (1998) and can be written as

oT(1)/dy 1 1-H(1)

T—orn/oy &0 moe

Proposition 5 motivates the following decomposition of (36) into Mirrleesian and Beckerian effects.

or®M/dy [ ¢ orjoy 1. 1 _1-H(®) -
ot = B g T et =l e < (B e 6D
indirect behavioral Mirrleesian

+E[o—K'a— (Ka) |y >t] -E BM*(TJrTS) + %(M*(TqLTs))s\y > t} }

sharing M
sorting

This formula isolates the contribution of each of the three Beckerian mechanisms to optimal taxes. We

quantify them in the next section.

6 Quantitative illustration

The optimal tax formulas derived in Propositions 1 and 3 not only provide qualitative insights about
the economic forces that shape optimal taxes but also offer a way to compute those taxes numerically.
The elasticities ¢ and (, the earnings distribution H, and the operators K* and M* are endogenous
objects that depend implicitly on taxes. One can treat equations (33) and (36) as fixed point problems
that determine optimal family- and individual-based taxes. In this section, we describe how these
equations can be solved and discuss their quantitative implications in a calibrated economy. We focus
on individual-based taxation because it allows a particularly transparent separation of Mirrleesian and
Beckerian effects using decomposition (37).

We assume that the function N takes the form

/ 1 (1+0)(1+1/0) 1 aroie)
N(LT) = — m(l) +m(l) ) (38)

that the distribution of productivities G is Pareto-lognormal, and that non-pecuniary shocks follow the
logit model. We make these choices for transparency. In (38), the parameter ¢ captures complemen-

tarities. If o = 0, then N'(I,l') = _1+%./0' (e — 1+i/0 ()17 is a standard isoelastic function

with elasticity o, and it is used extensively in applied work. Complementarities are positive if o > 0
and negative if p < 0. The Pareto-lognormal distribution is the standard choice in the quantitative
tax literature because it captures well the cross-sectional distribution of individual earnings. The logit
model is used extensively in the family economics literature (Choo and Siow (2006), Gayle and Shephard

(2019)), and we show in this section how numerical analysis can be simplified for this distribution.
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6.1 Calibration

To calibrate our economy, we use data from the 2021 March Supplement of the Current Population
Survey (CPS). We restrict attention to households where both spouses are present, are between the
ages of 25 and 65, worked at least 20 weeks in the previous year, and are not self-employed or family
workers. Following Golosov and Krasikov (2025), we symmetrize the dataset by creating one more copy
of each couple with permuted earnings. We assume that all earnings are taxed at a constant marginal
tax rate 7, which we set to 30 percent.

Under this linear tax, the function (38) admits a simple relationship between the parameters (o, o)
and the elasticities (€, ¢), which is given by

1 olc +1)

o(c+1)
(1+0)(1+1/0)—1 + 1+o0)(1+1/0)—1

£= (1+o0)(1+1/0)—1

s, (=

(1--s), (39)

where s equals the individual’s share of family earnings, i.e., s := y/Y. Since the population average
of s must be equal to %, equation (39) gives a one-to-one relationship between the parameters (o, o)
and the average elasticities (E€,E¢). In our calibration, we target an average own elasticity of labor
supply of E¢ = %, which lies in the middle of the range considered by Diamond (1998). For the
cross-elasticity, we rely on the results of Calvo et al. (2024), who estimate complementarities in home
production using time use data from the German Socio-Economic Panel (GSOEP). They find that these
complementarities are positive across various socio-economic groups. Converted into elasticities, their
estimates imply that the cross-elasticity is between one quarter and one half of the own elasticity of

labor supply (see appendix for details). Given these estimates, we choose a conservative target for the

1

average cross-elasticity, E¢ = %Ef = 13-

These targets yield

1

1+ gl
1

E€+EC

o =FE¢+EC~ 042, o= —1~0.47.

To calibrate the distribution of productivities G, we invert the optimality conditions of households.

Under the linear tax, a couple with earnings (y,y’) has productivities

/o 1/o
1+i/o 0 \N1¥1i/o 0
S ) (1 +1/0)s| TGS | W = _)me [(1+1/0)(1 —s)|TFOGTTe |
(]_ _ 7—) i+i/o (1 _ 7—) i+i/o

Given the observed earnings (y,y’) and calibrated (o, 0), we recover the productivity for each person
in the sample and, hence, the empirical productivity distribution. We smooth it by fitting a Pareto-
lognormal (PLN) distribution that matches the mean, the Gini coefficient, and the Pareto tail statistics
of the empirical marginal distribution of productivities. All three targets have simple analytical expres-
sions in terms of the three parameters of the PLN distribution. We provide additional details and show

the goodness-of-fit in the appendix.
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Given the complementarities, the parameter 3 controls the assortativeness of matches. We set 5 so
that the calibrated model matches the rank correlation (Kendall’s tau) between spouses’ productivities

that we recover from the data. This correlation is 0.1 in our sample, which yields g = 33.

6.2 Numerical implementation

We find optimal taxes by iterating on equation (36). We start with a guess of the optimal tax T', which
determines the left-hand side of (36). Given this T, we find the family surplus v, the equilibrium (u, ),
the matching elasticities -, and the operators K and M. We then construct the right-hand side of
equation (36). If the difference between the two sides of equation (36) exceeds a tolerance bound, we
update our guess for T and repeat the procedure until the fixed point of (36) is found.

To implement this approach numerically, we fix an equally log-spaced grid of earnings {yl}ivz’l We
parametrize the candidate tax function by its marginal tax rates {Ti}iv:yl at the grid points. We use
cubic splines to interpolate these marginal tax rates between the grid points and integrate them to
construct (up to a constant that is irrelevant for our analysis) the tax function 7. We define the equally

log-spaced productivity grid {wi}ﬁv:"“l, whose first and last points are chosen so that the earnings of each

spouse in the couples (w1, w:) and (wy,,,wy, ) are given by y; and yx, , respectively. We then compute

N,

w Ny
i,5=1

the optimal earnings { (yuw, (w;), Yuw,; (w;)) and the family surpluses {v(w;,w;)}; ., for all pairs of
grid productivities.

To find the equilibrium, we use the fact that in the logit model, the equilibrium conditions imply

uw(w/) _ U(w,w/) + Uw(;w) — Uw’(uw’)7 qw(w/) — exp (B'U(wvw/) - Uw(;w) - Uw’(uw’)> g(w/),

(40)

where the expected utilities (U (ty))qw solve

(i) = 3 (Z exp (ﬁ“(“”“") ;UW’(W) g(w'>> . (41)

We first use (41) to find values of expected utilities {Us, (tw, )} and then use (40) to construct values

i

of (u,q) as well as the matrix of matching elasticities v on our productivity grid.?°

We compute the sorting and consumption sharing effects using two different methods. In the first
method, we follow the approach that we described in Section 4 to construct the matrices K and M.
This approach is general, as it applies to any distribution of non-pecuniary shocks, but requires the
inversion of the matrix I — A 4+ B. This matrix I — A + B has dimension N2 x N2 so its inversion can

be time consuming when the grid of productivities is large.

20In our computations, we allow for very large values of w. This makes it preferable to solve equation (41) in two
steps. We first introduce the change of variables Uy := Uy (4w ) — %U(w, w) and use Newton iterations to solve (41) for

{[Jw,}f\;wl Then, we recover {Uw7(1L7JJ7)}75V:“’1 from {0w7}«f\2‘i Using (41) directly to find {Uw1(uw7)}£\2"1 causes numerical
overflow, because exp(v(w,w)) increases fast in w.
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An alternative method exploits the specific structure of logit shocks and is computationally faster.

With logit shocks, one can differentiate equation (41) to obtain
U + Z G (W) Uy = Z G (W0 (w, w"). (42)

We solve this equation for U,, and then use (40) to find the responses (i, §) to perturbations @ as follows.
Write the left-hand side of equation (42) as (I + Q)U, where I is the identity matrix and Q consists of
{quw (W)} ur, and let P := (I+ Q)~!. The solution to (42) can be written as

pr G (w")0(w, w"),

w,w’
where {py (')} are the elements of P. Differentiating (40) and substituting the solution U,,, we
can express 1 and ¢ as

(@) = 3 Ko (1, 0 Yo, 0), “:} 7{) = 3 N (0, 0o, ),
’ f(w, ")

w,w’ w,w’

where the matrices K and M are given by

Ko (w,0) = 5 % (loms i + pa(w)au(w) — por (0)gu(w')}
Moo, w!) = 5 {Lucalus — po()u(®') — por(w)gu(w))

The matrices K, M are not the same as K, M, but they satisfy K7 = K7 and M7 = M7 for
symmetric tax perturbations 7. Since tax perturbations must be symmetric, we can use (K, M) instead
of (K,M) in all our constructions. The main computational advantage of this alternative method is
that it only requires the inversion of the matrix I + Q, which has dimension N,, x N,.2"!

We tested both methods of computing the sorting and sharing effects. Both methods produce the
same results, but the second one is faster. With N,, = 200 grid points for productivities, constructing
these effects takes 577 seconds with the first method and 32 seconds with the second one on a MacBook
laptop, using standard Python matrix inversion routines.

Once we have computed the behavioral, sorting and sharing responses in the space of productivities,
we convert them into the space of earnings by building the conditional expectations that appear in (36).

We leave the details of its implementation for the appendix.

21 As discussed in Section 4, the spectral radius of A — B is less than one, which allows us to write the inverse as a
geometric series (I — A +B)~! = S o(A - B). In contrast, Q is a stochastic matrix, so its spectral radius equals
one. This implies that the matrix P = (I + Q)~! cannot be written as the standard Neumann series. Instead, P has
a representation P = Ziio(—l)k (Q’c - lgT) + %lgT, where 1 is the vector of ones. Since gTQ = ¢T, the matrix
19T is the projection onto the eigenvector of Q with the unit eigenvalue. The subtraction of this term removes the
unit-eigenvalue component of Q* ensuring convergence of the infinite sum, and the addition of %15]T accounts for the
action on this invariant subspace.
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(a) Earnings up to $500,000 (b) Earnings up to $8 million
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Figure 2: Optimal tax rates 07/dy. Solid line: calibrated model. Dashed line: recalibrated model without complemen-
tarities (o0 = 0).

6.3 Quantitative results

We plot the optimal marginal tax rates for Pareto weights a(w) x exp(—w) as a solid line in Figure
2. To isolate the role of complementarities, we compare them to the optimal marginal tax rates in a
model without complementarities that is otherwise calibrated to the same moments. In particular, we
set p=0and o = %7 so that the own labor supply elasticity & is still % (the cross-elasticity ¢ is naturally
zero), and recalibrate G to match the same distribution of individual earnings under the stylized U.S.
tax schedule.?? We plot the resulting optimal tax rates as a dashed line in Figure 2.

Panel (a) of Figure 2 shows that the two schedules nearly coincide at the very bottom of the earnings
distribution, where marginal tax rates are about 25 percent, and diverge as earnings rise, reaching a
difference of about 7 percentage points at the earnings level of $500,000, which covers all but about 0.3
percent of individuals in our economy. Panel (b) extends the earnings grid further up to 8 million dollars
and shows that both schedules level off and the difference between them remains even at the very top.
Thus, optimal marginal taxes are lower for most earners and less progressive once complementarities are
taken into account. The differences are sizable: marginal tax rates are about 3 to 4 percentage points
lower between $50,000 and $100,000, 7 percentage points lower at $500,000, and 6 to 9 percentage
points lower above that. Panel (b) also shows that, unlike the schedule without complementarities,
which increases monotonically, the schedule with complementarities is non-monotone: it peaks at about
48 percent between $300,000 and $400,000, dips to about 45 percent around $1 million, and then returns

to about 48 percent.

22In the absence of complementarities, matching in the logit model is random, so this model cannot match the correlation
of spousal productivities in the data. While this correlation can be matched with other specifications of ¥,,, such as
the FC-MNL specification used by Galichon and Salanié (2022), we know from Proposition 5 that, in the absence of
complementarities, optimal taxes are the same for all Uy,.
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(a) Earnings up to $500,000 (b) Earnings up to $8 million
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Figure 3: The three Beckerian terms in decomposition (37).

To understand what drives these differences, we plot separately the three Beckerian effects from the
decomposition (37) in Figure 3.2 Panel (a) shows that the indirect behavioral effect is negative, so
that it lowers optimal marginal taxes, the sharing effect is positive, and the sorting effect is positive for
low earners and negative for high earners. Panel (b) shows that the sorting effect is U-shaped, with its
minimum at about $900,000, and that both the sorting and sharing effects converge to zero at the very
top, while the indirect behavioral effect remains sizable. We now explain the economic intuition behind
these results.

We start with the indirect behavioral effect. Under specification (38), the own behavioral elasticity
£(t) is roughly constant across earnings levels, but the ratio E[¢|y = t]/£(¢) is not: by (39), it decreases
with the individual’s share of family earnings. In our calibration, this ratio is about % around median
earnings of $52,000 and at the very top, where spouses earn about the same, larger at the bottom,
where individuals are typically secondary earners, and smaller between $200,000 and $500,000, where
they are typically primary earners. Thus, the indirect behavioral effect lowers % by about 20
percent around median earnings and at the top, by more at the bottom, and by less in between.

The sorting and sharing effects can be understood from our two-type example in Section 3. In that
example, we showed, using the two tax reforms depicted in Figure 1, that the sorting effect increases
the cost of raising marginal tax rates at high earnings levels but decreases it at low earnings levels.
Consistent with our discussion in that section, Figure 3 shows that the sorting effect (dashed line) is
positive at low earnings and becomes negative at approximately $74,000. The sorting effect is most

negative at about $900,000, which explains the dip in the optimal marginal tax rate around $1 million

23In addition to the three Beckerian effects, the solid and dashed lines in Figure 2 differ because the Mirrleesian term
1 1—H(t)
£(t) h(t)t
schedule. Numerically, the difference between the values of this term in the two models is small and does not affect our
discussion below.

E[1 — a]y > t] differs across the two models. This term is endogenous and depends on the underlying tax
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in panel (b) of Figure 2. We also showed in the two-type economy that both reforms in Figure 1 increase
redistribution from high- to low-productivity spouses through endogenous consumption sharing. Our
social planner values this redistribution, and the sharing effect (dashed-dotted line) in Figure 3 is
positive. Breaking up assortative matches among high-productivity individuals leads to large losses
of surplus, so the sorting effect dominates the sharing effect for high earners, while the sharing effect
dominates for low earners. Finally, panel (b) of Figure 3 shows that both effects converge to zero at the
very top. For very productive individuals, the pecuniary gains from marrying a similarly productive
spouse are large relative to non-pecuniary motives, so matching is nearly assortative and responds little

to taxes.

7 Taxation in other matching environments

In our baseline economy, agents are identical in all dimensions other than labor market productivity and
have quasi-linear preferences, matching is bilateral, and surplus sharing is competitive. These features
allowed us to streamline the exposition. The general approach that we developed in the previous
sections to study the effects of taxation does not require these features and extends to a wide variety of
endogenous matching environments. We discuss these extensions in this section. The appendix contains

additional details and proofs.

7.1 Heterogeneity, asymmetries, and outside options

Suppose that heterogeneity is described by a vector of characteristics w drawn from a distribution G.
We write the family surplus in terms of the optimal choice of consumption and labor earnings as
v(w,w') == max c+c +N(y,y;w,w) (43)
(e, sy,")
subject to

c+d <y+y -Tyy),

where T is symmetric in y and ', and N is symmetric in (y,w) and (y',w’). Given this v, we define
the matching equilibrium as in Section 2.3. It is easy to verify that all key results of our analysis, such
as Lemmas 1 and 3, and Propositions 1, 2, 3 and 4 hold as stated, since none of them exploits the
structure of A or the dimensionality of w. Moreover, a version of Proposition 5, which showed that the
Beckerian effects are closely linked to complementarities in labor supply, also holds in this economy.
Since the function N may depend on w in an arbitrary way, the distribution G allows for any
correlation of individual attributes, and the law of non-pecuniary shocks ¥,, may have any dependence
of shocks e(w’) on w, this specification is very rich. It includes environments in which individuals differ

in market and home productivity, and have heterogeneous preferences over home production, market
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work, and marriage partners. For example, by designating one of the dimensions of w as a binary sex
marker, s € {m, f}, and having other elements of w be dependent on s, this environment includes
settings in which m and f types have different cross-sectional distributions of productivities, different
comparative advantages in home or market work, and strong non-pecuniary preferences for forming m f
matches.

This specification also clarifies the role of the symmetry assumption in our tax analysis. The key
economic content of this assumption is that the tax function treats the two spouses symmetrically, e.g.,
a couple in which the m spouse earns y and the f spouse earns y’ faces the same tax as a couple in
which the m spouse earns ¢’ and the f spouse earns y. For such symmetric tax functions, it is without
loss of generality to model the surplus function v and the marriage market in a symmetric fashion as
well. On the other hand, if the tax system treats the two spouses differently, for example, by imposing
different taxes on m and f types, it may be more convenient to formulate the equilibrium as a bilateral
matching between m and f.?* The analysis of such economies is often simpler, because reforms of
sex-based taxes affect only one side of the market at a time. We illustrate this in the appendix by
first considering an arbitrary bilateral matching economy, in which the two sides of the market may
face different taxes, and then introducing a restriction that taxes must be symmetric, which reduces it
to our baseline settings. We also show in the appendix that it is straightforward to add the option of

remaining single, and to allow taxes that treat single and married households differently.

7.2 Taxation with imperfectly transferable utility

In our baseline environment, we assume that preferences are quasi-linear in consumption. In the match-
ing literature, such a specification of preferences is referred to as perfectly transferable utility, and it
is known to simplify the analysis. In this section, we extend our approach to imperfectly transferable
utility. To keep our discussion as close as possible to the baseline economy, we assume that each person
has preferences V (¢ — N(I,1’)) over own consumption ¢, own labor [, and partner’s labor I, where V is
a strictly increasing and concave utility transformation. As in Section 2, we assume that spouses choose
consumption and earnings efficiently.

When V is linear, this environment collapses to our baseline model, and any point on the intra-family
Pareto frontier maximizes the sum of spouses’ utilities. When V' is non-linear, the Pareto frontier can
be found by solving

max oV (c—N(y/w,y' /w")) + V(= Ny /v’ y/w)) st. e+ =y+y = T(yy),

[CHERIRTS]

24In family economics, the bilateral formulation is somewhat restrictive, since it ignores the possibility of mm and ff
matches, which our formulation handles easily. In other environments, such as matching of workers and firms, the bilateral
formulation is more natural. We illustrate this in Section 7.3.
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where o and o' are intra-household Pareto weights. This problem can equivalently be written in utils

as
/
max ou+ v st V) + VW) =y+y —Tw,y)+ N (y, y/) ,
(w,w,y,y") wow
where N (I,1') :== —N (I,I') — N (I',1). This formulation suggests the following two-step procedure for

characterizing efficient allocations. First, find the family surplus v and the optimal earnings by solving

v(w,w') == maxy +y — T (y, )+./\/<y y,),

(y,v") w

which is exactly the same problem as the one that defines the family surplus in equation (5) in our
baseline economy. Second, find the spousal utilities by maximizing au + o/u’ subject to V=1 (u) +
V-l(w') = v(w,w’). Since a,a’ are parameters here, we capture the whole intra-household Pareto
frontier by varying them. Equivalently, we can simply trace the Pareto frontier by varying v’ and
obtaining u as a function of it. Given this observation, we can define matching equilibrium analogously

to our definition in Section 2.3 except that equation (8) in Condition (C) is replaced by
Vg (w') + VH (ty (w)) = v(w,w')  Yw,w'. (44)

The mechanical and behavioral effects of taxation with imperfectly transferable utility are the same
as in Section 4, but the sorting and sharing effects are slightly different. Recall that in the baseline
economy, the sorting and sharing effects are characterized by the matching elasticities v. When utility
is perfectly transferable, v captures the responses of choice probabilities both to changes in utilities, i.e.,
Y (W' |w') = —01n g (W) /Ouy (W), and to changes in consumption, v, (W'|w’) = —91n g, (w') /Ocy, (0').
This equivalence breaks down when preferences are not quasi-linear, and our analysis requires some
modifications.

Let v be the matching elasticities defined in (14). They are the semi-elasticities of choice probabili-
ties with respect to utils, v, (W' |w') = —91In g, (W) /Ou, ('), and, as in the baseline economy, they are
fully determined by the law of non-pecuniary shocks ¥,,. Let L =V’ (V" (uyw(w'))) denote the
marginal utility of consumption of type w in a match with w’, and define v¢ as the marginal utility

OV (w )'yw( lw"). Similarly, let 75 (w') := OV (w )’yw( ). By

adjusted analogue of v, i.e., v& (@'|w') :=
the chain rule, 3 (w') = d1n g, (w')/acw(w ), i.e., it is the semi-elasticity of ¢, (w’) with respect to con-
sumption in that match. Since 55 (w') = [ 75 (@'|w’)dw’, one can interpret v, (-|w’) as a decomposition
of this semi-elasticity into @’ —Speciﬁc components.

Consider a tax reform 7. As in the baseline economy, © = —7 by (13). Differentiating the equilib-

rium conditions, one finds that the utility response 7 satisfies the following integral equation:
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i) = [ 2D ayaar + Gy [ L) i ada

Voo (w') + 75, (w) WV (w)/0c w') + 75, (w)
_ f_}/'fu’ (’U}) avﬂ) (U)/) U(’UJ w/)
Voo (W) + Vg (W) Be o
This equation can be written in operator notation as
= 0%+ A — B, (45)

where ®¢, A°, B¢ are analogous to ®, A, B in our baseline economy. We summarize the sorting and

sharing effects with imperfectly transferable utility in the following lemma.

Lemma 4. The responses i, ¢ andf to a tax perturbation T are given by u = —K°T and q/q = f/f =
—M°T, where K¢ = (I — A¢ + B¢)~1@¢ and M¢ = CK¢, and C is as defined in Lemma 1.

The rest of the analysis of taxation is very similar to that in the baseline economy. The formulas for
the revenues and welfare responses in equations (25) and (28), the optimal tax formulas in Propositions
1 and 3, and the efficiency tests in Propositions 2 and 4 are the same as in the baseline economy, except
that the operators K and M are replaced with their marginal utility adjusted analogues K¢ and M€,
and the Pareto weights are normalized so that the Lagrange multiplier on the budget constraint equals
one. The main substantive difference is that tax reforms may have sorting and sharing effects even in
the absence of labor complementarities.

Lemma 4 highlights that the matching elasticities v and their marginal utility adjusted analogue ~¢
play distinct roles in tax analysis. The effect of tax perturbations on agents’ utilities is captured by K¢,
which is constructed from ¢ and the marginal utilities. The relationship between sorting responses and
changes in utilities @ is given by ¢/q = f /f = Ci, where the operator C is constructed solely from +.
One can use this observation to separately identify local properties of ¥ and V in empirical work. To
do so, it is more convenient to define equilibrium not in terms of utilities u, which are unobservable to
an econometrician, but in terms of consumption ¢, which can be measured in the data. One can then

define matching elasticities in terms of changes in consumption rather than utils, i.e.,

. _ OV (@' _
S @' lu') = —01n g () /Oeu (@) = 0D, i)
Consumption responses ¢ satisfy ¢ = —K7T, where K is constructed analogously to K by replacing ~

with 4. Elasticities 7 can be either estimated directly, for example by instrumenting for consumption
changes, or inferred from observed responses to tax reforms. The relationship between sorting and
consumption responses can be written as f /f = C¢, where C is constructed from 7 adjusted by the
inverse of the marginal utility of consumption. Since f /f, ¢ and 4 are observable, this allows one to

OV (w')

back out =%~ and, therefore, characterize local properties of W.
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7.3 Taxation and sorting in firms

Our approach to studying taxation extends beyond family economics. The same techniques can be used
to study taxation in other matching environments, such as models of sorting between workers and firms,
or between workers and cities. We illustrate such applications with a matching model of heterogeneous
firms and workers in the spirit of Lamadon et al. (2022).

Let w denote the type of a worker and x denote the type of a firm. A worker of type w employed by
firm x produces output A(w,z). Each firm x sets wages y, = (y.(w)), for different types of workers
and hires all workers willing to work at these wages. To focus on matching and sorting responses,
we assume that each worker supplies one unit of labor inelastically so that their earnings equal their
wages.?> Workers face an income tax T'(y), so that their after-tax income is y — T'(y). As in the
previous section, workers’ utility of consumption is V, and we use u,(z) = V(y.(w) — T(y.(w))) to
denote pecuniary utility of a worker of type w employed by firm z.

In addition to differences in productivities, Lamadon et al. (2022) allow firms to differ in amenities,
locations, and products, and they let workers choose firms based on wages as well as non-pecuniary
preferences for amenities, locations, and products, and idiosyncratic preference shocks. Following our
discussion in footnote 2, one can embed all these non-pecuniary differences in the law ¥,,. The ex-ante

utility of a worker of type w can be written as

B

which has the same form as U, in our baseline model, with firms x in place of spouses w’. The

Uy (uy) :=Ey [mgxuw(x) + —€(2)], (46)

derivative ¢, (x) = 0,Uy(uy) is the choice probability. The joint density of firms and workers is

f(w,z) = qu(x)g(w), and the profit of firm x is

Ty = / (A(w, 2) — e (0))gu ()9 (w)duw. (47)

This specification assumes that the demand for the good produced by firm z is perfectly elastic, so that
its price is independent of the output of firm x and of any other firm & # x.

We first consider the competitive wage setting in which all firms pay workers their marginal products.

Definition. A competitive matching equilibrium given the tax 7" consists of (u,,q,y) such that

(A). choice probabilities g are optimal given u, i.e., gy (x) = 0, Uy () for all (w, x);

(B). wages equal marginal products, y,(w) = A(w, z) for all (w, z);

(C). the utilities of workers are u,,(x) = V(y,(w) — T'(y.(w))) and the profits of firms are given by
(47).

25The extension of this model to elastic labor supply is straightforward, and behavioral effects mirror those in the
baseline economy.
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The competitive matching equilibrium in the firm—worker setting has many parallels with the equi-
librium in our baseline economy. In both cases, Conditions (A)—(C) have a similar structure, with (A)
describing optimal matching choices and (C) describing feasible ways to allocate surplus between agents.
In the firm—worker setting, the surplus is shared through wages y, which are taxed directly. Although
firm—worker matching is technically one-to-many, in which each firm matches with multiple workers,
effectively only workers face a non-trivial choice problem, because firms employ all workers willing to
work at the posted wage. Since we abstracted from labor supply, the surplus of worker w and firm =z is
fixed at A(w,z) and independent of taxes.

Consider a tax reform 7. Since wages equal marginal products, Condition (B) implies that they do

not respond to the reform, y = 0. Condition (C) then implies that

(@) = - 22y, ), (48)

where 6‘/5“6(””) is the marginal utility of consumption, as in the previous section. Firms’ profits remain

zero, 7 = 0, and the sorting responses are obtained by differentiating (A),

By substituting % from (48), one obtains the sorting response f /f as a function of tax changes. Using

our convention that & (Z|z) = avgi’c(x)vw(ﬂx), it can be written as f/f = —MCT, which has the

same structure as those in Lemma 4. The effect of tax perturbations on revenues and welfare is
R= [TdF — [(M®*T)-TdF and W = — [ a°TdF, where af is the marginal-utility adjusted Pareto
weight and M%* is defined analogously to M* in Section 5.

This model is particularly simple because we abstracted from any dependence of a firm’s surplus on
the choices of other firms. Consequently, marginal products are fixed, and one can find the sorting and
sharing responses without solving integral equations such as (18). In richer environments, e.g., in which
firms’ prices depend on the output of other firms through general equilibrium interactions, such integral
equations re-emerge (see also Sachs et al. (2020) for discussion of this point in a different context).

The analysis is similar if surplus sharing occurs non-competitively. Suppose that each firm z sets
wages ¥y = (y(w)), to maximize its profit (47). Since workers choose firms based on both pecuniary
and non-pecuniary motives, each firm faces an upward-sloping labor supply curve. The wage optimality

conditions can be written as

A(w, ) — Yo (w) " Oln ey ()

X ew(z)7e,(x) =1, 50

() T () ()70 (@) (50)
i=mg (w) =y ()

where ¢, (2) 1= y(w) — T'(y-(w)) is the after-tax wage. This equation is the familiar monopsonist’s

optimality condition. The variable m,(w) represents a mark-down of wages relative to the marginal
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product. The term Ay, (x) X ¢, (2)7E, (z) captures the elasticity of labor supply with respect to the wage
paid by the firm. This elasticity is decomposed into ¢, (x)7S (x), which is the elasticity of labor supply
with respect to the after-tax wage, and A\, (x), which is the elasticity of the after-tax wage with respect
to the pre-tax wage. The definition of the monopsonistic equilibrium is the same as the competitive
equilibrium, except that condition (B) is replaced by (50).

To find the effects of taxes, we consider perturbations of equilibrium conditions. Equation (49) is

unchanged, while the utility response of workers is

i) = = 25O ) + P ) (1= L r0))) 1)

Uunlike in the competitive economy, wages respond to taxes under monopsony. Taking logs of (50) and

differentiating, we obtain

(e N (ST w1 e
<1+ ) +<1 )ydu(w) 1—3%T(yz(w))6yT(yI( )

=tha (w)/ma () =5 (2)/ A (2) () [ ()

ula) T
+ s 4 ¢ y(x) =0. (52)
Vo (@) (avw<z>)2

dc

=75 (=) /75, ()

Suppose for a moment that 7 is constant and does not respond to tax reforms. In this case, ¥ = 0 and
one can find responses (1,¢) by solving (51) and (52) as a function of 7" and a%T' These responses
can be found separately for each pair (w,x) by solving a system of two equations in two unknowns.
This solution then can be used in (49) to find f /f. Unlike in our baseline economy, both the sorting
and sharing responses depend not only on the changes in the levels of statutory taxes, 7', but also on
statutory changes in marginal tax rates, (%T. Consequently, two additional operators, similar to K
and M in Lemma 1, describe the effects of changes in marginal tax rates S%T on equilibrium sorting
and surplus sharing.

The own semi-elasticity 7 is constant in the logit model, where it equals S in all matches, as well
as in all models that have the nested logit structure. More generally, ¥ may depend on the menu of
pecuniary utilities available to workers. In such cases, one can no longer solve (51) and (52) separately
for each pair (w,x). Instead, the sharing responses (u,y) are characterized by an integral equation
similar to (18) in our baseline economy. We illustrate this in the appendix using the flexible coefficient
multinomial logit model (FC-MNL) that is used in industrial organization (Davis and Schiraldi (2014))

and family economics (Galichon and Salanié (2022)).
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8 Conclusion

In this paper, we developed a general approach to studying the effects of taxation in environments
with complementarities and endogenous matching. An important feature of such models is that tax
changes affecting one group of agents can propagate through equilibrium adjustments in sorting and
consumption sharing, thereby influencing outcomes for all agents in the economy. Using linear operator
techniques, we characterized these adjustments for arbitrary tax reforms and, combining them with
the labor supply responses, the effects of such reforms on tax revenues and social welfare. We used
these results to derive formulas for optimal taxes and to characterize efficient taxes under family- and
individual-based taxation. We also showed how these techniques can be used to compute optimal taxes
numerically.

Our approach highlights that matching elasticities are among the key objects that determine the
effects of taxation in such models. These elasticities are closely analogous to behavioral elasticities
familiar from standard consumer theory. While there exists a vast literature that estimates behavioral
elasticities, the body of work that estimates matching elasticities in Beckerian settings is much smaller.

We view their systematic estimation as the natural next step in this research agenda.
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Appendix

9 On preference shocks, expected utility, and matching

In this section, we relate the law of non-pecuniary shocks ¥,, to the expected utility U,,, state the
regularity conditions used in our analysis, derive matching elasticities for specifications commonly used

in applied work, and show that the matching equilibrium is unique.

9.1 Finite types

It is instructive to first examine the case of finite productivity types, i.e., w € W = {wy, ..., w,} C Ry4.

Recall the definition of expected utility in (2):
Uy(2) :=E, [max z(w') + ﬁ_le(w’)} ,
w/

where z € R is a vector of pecuniary payoffs and ¢ € R™ is a random vector of preference shocks

distributed according to ¥,, for a person with productivity w.

Lemma 5. Suppose that, for each w, Eyle(w')] < oo for all w'. Suppose also that V,, admits a
continuous density ., that is strictly positive on R™ and satisfies 1, (€) < Cy(1 + ||€||)™™ for some
constant C,,. Then, for each z, there exists a (unique) pair ¢, . € R}, and vy, . € Ri_ﬁ_l) such that
G (0 Vo (0 [0) = (6 Yo (/| ) for all i # w0/, and

s Y (W W) (dz(w') — dz (W'
Uate +d2) = U(e) + 30 (14 e e ERNCRD 2NN o atyias) 4o a1

(53)

as ||dz||eo = 0. Furthermore, (qu,»,Vw,>) depend continuously on z.

To simplify notation, we omit z when referring to ¢, and <, if no confusion can arise. In view
of (53), U, is twice continuously differentiable in z, where g, and 7, capture its gradient and cross
semi-elasticities, that is

AU, (2)

_ _ Olngy(w')
Oz (w")

Oz(w")

u(w) ) = Vi £,

The symmetry condition on the product of ¢, and +,, is due to the fact that cross partials of expected
utility with respect to z agree. Both ¢, and =, are strictly positive, vary continuously with z, and

satisfy

S gu@) =1, 3 (@) = 220 _ oy,

!/
where 7, (w’) stands for the own semi-elasticity. The idea of the proof is standard and can be found for

example in Galichon and Salanié (2022). Below, we provide a self-contained argument for completeness.
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Proof. Since the shocks have finite means, U, is finite. Since they have a density, the maximizer in the
definition of U,, is almost surely unique. Hence, the maximand is almost surely differentiable in z, with
gradient equal to the indicator of the maximizer, due to the envelope theorem. Then, the dominated
convergence theorem implies that U, is differentiable with %Uw (2) equal to the probability g, (w’)

that w’ is chosen, given by
qw(W') = Pry, (2(w') + B le(w) > 2(0) + B le(@) Vi’ # w'). (54)

Since the density of shocks is continuous and strictly positive on R™, the choice probability vector g,
is strictly positive and depends continuously on z. To see that it is continuously differentiable, rewrite

(54) more explicitly using the cumulative distribution function of the shocks ¥,, as

qu(w') = / (%?w’)\yw (1s + B(1z(w'") — 2)) ds,

where 1 is the n-dimensional vector of ones. By the bound on 1, and the dominated convergence
theorem, we can differentiate under the integral sign, and the resulting derivatives are continuous.

Then, by the chain rule,

ﬂf o Y (1s + B(12(w') — 2)) ds

>0 V' #w,
G (W) #

Y (0 |w") =

and D, Yo (W' [w") = 7y (w') follows from the fact that the choice probability vector is invariant to

adding a constant to z. O

Lemma 5 shows how the law of shocks ¥,, defines the expected utility U,,. Remarkably, the lemma
can be reversed. Specifically, assuming that U,, admits a representation in (53), we can use (54) to
reconstruct the density v, up to a normalization of one coordinate of the preference shock vector, i.e.,
we can identify the joint density of (€3 — €1, ..., €, — €1), since the choice probabilities depend only on
those pairwise differences.

Furthermore, under our regularity conditions listed in Lemma 5, we always have exactly one match-

ing equilibrium.
Lemma 6. The matching equilibrium exists and is unique.

Proof. We characterize equilibria as the critical points of a strictly convex function, following Galichon

and Salanié (2022). Consider the problem
min » Uy () g(w)

subject to Condition (C), i.e., Uy (W) 4+ wy (w) = v(w,w’). Since Oy Uy (ty) = qu(w’), the first-order

conditions for this convex problem are exactly Condition (B), i.e., g, (w')g(w) = gu (w)g(w’). Since
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each type can choose their own w in the definition of U,,, we have

U () > ~v(w,w) + B Eye(w).

1
2
At the same time,

Uws () > max g, (w') 4+ min S Eye(w’).
w’ w’

Thus, it is without loss of generality to restrict attention to a compact set of w’s in the minimization

problem, and existence of the matching equilibrium follows from the fact that the minimum is attained.

To see that there exists exactly one equilibrium, note that, by Lemma 5, U,, is strictly convex on the
1

feasible set of u satisfying u, (w) = sv(w,w). O

9.2 Continuous types

We now turn our attention to the model of continuous productivity types, w € W = [w,w] C R4, that
is the main focus of our paper. The arguments below apply to any compact W C RF, as in Section 7.1.
We define expected utility Uy, (z) using the same “E,, max[-]” formula, where w € W and pecuniary
payoffs are captured by a continuous function z : W — R. As is standard, we equip spaces of continuous
functions with the sup norm. In this formulation, preference shocks now constitute a so-called random
field over W (e.g., see Resnick and Roy 1991), and under appropriate regularity conditions on their law,
one can exhibit the analogue of the lemma in the previous section. Since our main object of interest
is expected utility itself, we take it as a primitive and state regularity conditions directly in terms of
this functional. We refer the reader to Resnick and Roy (1991); Dagsvik (1994) for a general treatment
of continuous choice, and to Resnick and Roy (1991); Dagsvik (1994) for extensive discussions of max-
stable processes that generalize discrete multinomial logit models. For completeness, we sketch this

generalization below.

Assumption I.  For each (w, z), there exists a (unique) pair of continuous functions ¢y, - W — Ry

and FY’LU,Z : W2 — R++ S0 th'a’t Qw,Z(wl)’Y’lU,Z(wqwl) = Qw,z(w/)r)/w,z(wl|w/); a’nd

Up(z +dz) = Up(2) + / (1 + h‘”“(mw/)(d"";‘”/) - dz(d"))dw/> G- (w')dz(w')dw' + o (||dz|2.)
(55)
as ||dz]|lco = 0. Furthermore, (qu,z,Yw,z) depend continuously on (w, z).
As before, we omit z when referring to ¢ and v if no confusion can arise. Condition (55) is a direct
generalization of the representation in (53) to continuous types with the added continuity with respect
to w, which is vacuously satisfied in finite-type settings. Under this condition, the expected utility is
twice continuously differentiable in z, and ¢, v again capture its first and second derivatives. Specifically,

q is a strictly positive continuous density of choices and  corresponds to its cross semi-elasticities.
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Given Assumption I made above, the matching equilibrium is unique, and the argument for unique-
ness is identical to the one used in Lemma 6. Existence, however, requires additional conditions on the
law of shocks, because even a bounded minimizing sequence need not have a convergent subsequence in
the sup norm. Existence can be established for logit shocks; see Nutz (2022). For other laws of shocks
with continuous types, we assume that the matching equilibrium exists.

We now provide several examples of models that fit this framework and whose discrete-type versions

are used extensively in applied work.

Example: logit The continuous choice logit model was formalized in Dagsvik (1994) and then used
to study matching in Dupuy and Galichon (2014). In this model, preference shocks take the form of a

certain Poisson point process that gives

Uue) =57 ([ 5gut)an).

It is easy to see that Assumption I holds with

Bz(w’) ’
AN e g(w ) ~I 0 ~/
qw(w ) - feﬁz(w')g(w’)dw” ’Yw(w |’LU ) - Bq’w(w )7

and 7, (w') = S.

Example: mixed logit The logit model imposes rigid substitution patterns, i.e., v, /qw and
are constant and equal to the scale parameter. One approach proposed in the literature to relax this
is to add a layer of mixing (McFadden and Train 2000). Specifically, let § be a (continuous) mixing
parameter that is distributed with density p, and allow the type density gg to be a function of it so
that expected utility takes the following form:

U =57 [ ( [ gntuant ) uioras.

Assuming that all primitives are continuous and that gy is strictly positive, Assumption I holds with

00(0) = [ quawu®@)d6. 2uli'lu) =5 [ Wuw)dﬁ,

w!
P2 gy (w')
f eﬁz(m/)ge(w/)dwl .

substitution patterns while requiring the own semi-elasticity to be a constant.

and 7, (w') = B, where g, g(w') = This model allows for a bit more flexible cross

Example: FC-MNL To gain even more flexibility than mixed logit, the so-called (mixed) nested
logit is often employed. Alternatively, Davis and Schiraldi (2014) suggested the flexible coefficient
multinomial logit (FC-MNL) model in which every pair of productivities is assigned a separate nest.

Davis and Schiraldi (2014) show that FC-MNL is flexible enough to match any pattern of own- and
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cross-price elasticities in discrete-choice settings. In our continuous choice setting, the FC-MNL model

corresponds to the following form of expected utility:

Baqu') 4 B2(a)\ " '
)(e ;e ) g(w’)g(w’)d(w’,w’)+/b(w’)6ﬁz(w )g(w')dw'>v

Uw(z) = ' In (/ a(w', @'

where o € (0,1] controls the scale of within-pair substitution intensity, and a,b > 0 are continuous

functions and «a is symmetric. Then, we have

quw(w') = /ww(w’|w’)p(w’,1b’)d1b’ + T (W),
~1 1-0 ~1 ] !~ ~/ / ~/
Yo (W' |w') = Wﬁw(w |w)p(w’, @")p(d’, w') + Bgw (1),
w
i egz(w/)
where we used p(w’,0') = —4—5——, and
e;Z(w )_‘_e;Z(w )
2a(w’, @) (efz““'“ef”/)>09<w'>g(u~/> ,
i (,J/|w/) B ) 2 - (w/) - b(w/)eﬁz(w )g(w/)
w - eﬂUw(z) ’ w - eﬂUw(z)

With ¢ = 1, FC-MNL reduces to the logit model.

9.3 Max-stable shocks and the multivariate extreme value (MEV) model

The logit and FC-MNL examples belong to the MEV model, which is extensively used in applied
work. To see the connection, consider first the finite-type setting with W = {wy, ..., w,}. Recall (e.g.,
McFadden 1978 and Dagsvik 1994) that a distribution of shocks is said to be max-stable if its law

admits the following representation:
InW,(e) = =Ly (eif(wl), ...,efe(w")) .

This is precisely McFadden’s MEV class, where L,, > 0 is homogeneous of degree one, unbounded in
each coordinate, and satisfies the alternating sign condition (—1)**19*L > 0, where O*L is a distinct
k*h cross partial of L. The family of max-stable shocks (and thus the MEV model) is associated with
the expected utility functional

Uw(z) = B In L, (e77),

up to the scaled Euler constant. Inspection of this representation reveals that finite-type versions of
the logit and FC-MNL models satisfy this representation for certain L., e.g., Ly (z) = >, z(w’)g(w’)
for the logit; see also McFadden (1978) for other examples. The extension to continuous choice retains
the same representation, with the only difference that L., is now a functional on positive continuous

functions.
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10 Proofs for Section 4

This section of the appendix collects the proofs of formal claims in Section 4 and related derivations.
We maintain the conditions on expected utility stated in Sections 4 and 9, i.e., Assumption I, and make

three additional sets of assumptions needed for our perturbational approach.

Assumption II.

o The function N is twice continuously differentiable, strictly concave, symmetric, and N'(1,1") /(1 +

'Y= —ocoasl+ 1 — oo.

o The tax T is twice continuously differentiable and symmetric, and its marginal tax rates are

bounded below and strictly less than one.

o The tax function T is such that, for each (w,w’), problem (5) has a unique interior mazimizer,

and the Hessian of the objective with respect to (1,1') is negative definite there.

These conditions ensure that the optimal labor supplies are unique and vary smoothly when taxes are
perturbed in any sufficiently smooth direction. Specifically, we consider tax reforms 7~ that are twice
continuously differentiable, symmetric functions with bounded derivatives. Our conditions on A hold

in the specifications of Sections 3 and 6, where A is quadratic or given by (38).

10.1 Linear operators

In our perturbational approach, we use various continuous linear operators mapping the space of con-
tinuous functions on W? to itself, where W = [w,w] C R4 .. We first collect some basic facts about
such an operator L and then establish auxiliary results that are used in the proofs. By the Riesz repre-
sentation theorem, each value (L¢)(w,w’) can be represented as an integral of the continuous function
¢ against a finite signed measure on W2. These measures may contain point masses represented by the
Dirac delta function. The operator norm of L is
L= sup [L@o,
@:ll@lloe=1
and its spectral radius is given by limg_, o ||LF||*/*, where L* is the k-th application of L. Tt is well

known that, if this radius is strictly less than one, then I — L is invertible, with

I-L)7' =) 1%
k=0

where the series converges in operator norm and L = I. These facts can be found, for example, in

Rudin (1991).
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Now, for a given tax function 7 and the associated matching equilibrium (v, q), we consider L =

A — B, where the operators A and B are given by

Yoo (W' |w') Yu (0| w)
Yo (') + 75, (w') T (W) + 75, (w')

Since the matching elasticities used in their construction are continuous and strictly positive, L is an

Aw,w/(wvﬁ)/) = 5111:11)7 Bw,w/(waﬁ/) =

I (56)

operator of the form described above. The following lemma establishes that its spectral radius is strictly

less than one—the fact needed for Lemma 1—and that successive iterations shrink geometrically.

*

Lemma 7. Let L = A — B, and set v, := mingy, u o) Yo (@' |0'), 7* 1= max(y ) Jw(w'). Then, the

spectral radius of L is at most

R _
p= \/1 —5 (@ —w)7./7%)° < 1,
and | L*+2|| < p?||L*| for every k.

Proof. Both A and B are positive, and their combined weights sum to one, i.e.,

J )+ B (0,0 ') = [P gy,

We can express the same statement in operator notation as (A + B)1 = 1, where 1 stands for the
constant function of (w,w’).

Take ||¢]|lcc = 1. Since the sup norm equals one, 1 & ¢ is nonnegative, and we have

1-(Ly) = A(l-¢)+B(l+¢)
> B(l+¢)
1

> ¢%MW/O+MW@WW*

where the first inequality is due to A(1 — ¢) > 0, and the second is due to 1 4+ ¢ > 0 and the bounds

on matching elasticities in the statement of the lemma. Similarly, we have

116 2 5 (0/7) [ (L bl ))da
Now, using these two bounds once more, we can obtain
1-L% = A(l1-L¢)+B(1+Ly)
> 307 [k pla (@) + 4 0o/ [ (1= ela, (@)

5 0o/7)? [ dt. )

>

where the second line bounds each of the terms, A(1 — L¢) and B(1 + L¢), separately, and the third
one uses the fact that ¢ cancels out. This shows that L2 < p? for any function ¢ with the unit norm,

and applying the same argument to —¢ gives the other bound, so that ||L?| < p?.
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By continuity and compactness, v, > 0 and
* = max /’yw(w/\w/)dﬁ/ >  min ’yw(w/\w/)/dﬁ/ = (W — W)Y,
(w,w’) (w,w' @)

which yields p € (0,1). Then, the spectral radius formula gives the first claim, and ||L*+2|| < ||L2||||L¥||

gives the second. O

10.2 Tax reforms in matching environments

We now consider perturbed taxes 7 + 7 and show that all equilibrium ob jects are well-defined for the
tax reforms described above and vary smoothly for € near 0. We also prove Lemmas 1 and 3, which
characterize the corresponding equilibrium responses. Following the convention introduced in the main
text, we abbreviate all responses using dots, e.g., v := %U€|s:o stands for the response of the family

surplus.
10.2.1 Behavioral effects and the proof of Lemma 3

We start with the perturbed problem (5), since its value, v¢, is used as an ingredient in the perturbed
matching equilibrium.

Our starting observation is that spousal labor supplies in that problem can be restricted to a compact
set. Indeed, since marginal taxes are bounded below and the reform has bounded first derivatives, after-
tax earnings grow at most linearly in total labor supply, uniformly over types and e sufficiently close

to 0. To see this, let 7 and 7 bound ‘%—T‘ and ‘%—T
Yy Yy

, respectively. Then, for |e| < 1, the objective in the

perturbed problem (5) satisfies
wl + 'l — T (wl,w'l") — T (wl,w'l") + N(1,I') < =T(0,0) —7(0,0) + WA + 7+ 7)1 + 1) + N(1,1).

By the growth condition in Assumption II, there exists a constant C', independent of types and ¢, so
that [,1" = 0 yields a strictly higher value of the objective than any other labor supplies with [ +1" > C.
Consequently, all maximizers exist and belong to the common compact set, [0, C]?.

The first immediate implication is that the perturbed problem admits a solution, which is, in fact,
unique for |¢| small enough due to the uniqueness and the strict second-order condition at ¢ = 0 in
Assumption II. Second, since the maximizer is unique, the envelope theorem applies, i.e., the family

surplus is continuously differentiable in e, and

B(w, w') = =T (yw(w), g, (W)

Finally, the optimal earnings y° are continuously differentiable in e, with the response described in

Lemma 3. To see this, first note that for all sufficiently small |e|, due to Assumption II, the optimal
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earnings in the perturbed problem are interior. Furthermore, the pair of optimal earnings (y,y®) =

(y&,(w'), y5° (w')) satisfies the following first-order conditions:

O vy — e Ly + 290 (Y ¥

1 y (v.9") E@y (y’y)—i—w@lN(w’w’) =0 (57)
9 sy — e D s Lo (v v) _

1 6y?(y,y) an7(y,y)+w,8l/\/<w/,w> = 0. (58)

We can think of (57), (58) as a system of equations in (y,y®) parameterized by €. Due to Assumption
IT and twice continuous differentiability of 7, the perturbed system is continuously differentiable in
(y,y%,¢) in a neighborhood of the original optimal earnings and € = 0.

Taking logs and totally differentiating these two conditions at € = 0, we obtain

92T 22N s 02T s 92N
1 —_—— b .
Yoz _ T Y Byay’ _ T T de  OT
—oT T "oN —oT TON dl —1_9T &y
dy o1 oy El ny _ 1-%y %Y (59)
o272 92N'5 s 9273 s 92N3 s - de 97" ’
Yoyoy’ U siar Y 5y T dlny 1_97° 9y
1_07° —ONT 1_97° _ONF oy
dy 1 oy ol

where we suppress arguments and (w,w’) to simplify notation. By (57), (58) at ¢ = 0, —88—/}/ =
w ( — %—ZJ). So the matrix on the left is minus the Hessian of the objective with respect to (y, y*), with
its rows divided by the retention rates and its columns multiplied by earnings. Since the second-order
condition holds strictly at € = 0, this Hessian is negative definite, so the matrix on the left has positive
diagonal entries and a positive determinant. As a result, the implicit function theorem gives, for ¢

near 0, exactly one solution (y°,y®*) near the original optimal earnings, which is also continuously

differentiable in e. Furthermore, the response of the optimal earnings is given by (24), where

& ¢
¢ &

is the inverse of the matrix on the left of (59). This shows the first part of Lemma 3.

To see the other parts, remark that

5 93T° PN* s 0°T PN 27 PPN
§ — i Yy Jy? I o2 C _ _i Y dydy’ I GIGI Cs o _L yay{)y’ B ZW
" det 1— %ﬁ _ON= ’ T det 1— 9T IN ’ T det 1 Gg's _ON=® |
Y Yy

al dy — ol - al

where det is the determinant of that matrix. Then, the positivity of £ is due to the positive diagonal
entries and det > 0; the sign of ( is that of the expression in Lemma 3 because det > 0; and Slutsky
symmetry follows from combining these expressions with (57), (58) evaluated at ¢ = 0 and using

T _ 93T 9PN _ 9PN®
dydy’ — Oydy’> dloI — dlol *

10.2.2 Sorting and sharing effects and the proof of Lemma 1

We now turn to differentiability of the matching equilibrium. Conditions (A)—(C), with v® replacing

v, form a system of equations for the pair (u,q) of continuous functions on W2, which we equip with
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the product sup norm. Due to Assumption I and the results above, this system is (Fréchet) continu-

ously differentiable in (u,q,¢) in a neighborhood of the unperturbed matching equilibrium and & = 0.

For v°, this uses that its derivative, —T (y5,(w'), y5°(w’)), is jointly continuous in (w,w’,e). Totally

differentiating (and taking logs in (A) and (B)), we obtain

dQM(w/)_ O (dun (0" — dun (@' dii! dqw(w/):dqw’(w)
T —/m o)y () — d () !, S = S, (60)

and duy, (w') + duy (w) = v(w, w’)de. Substituting du, (w) = 0(w,w")de — du, (w’) into (60), we can

express (du,dq) using operator notation as in the main text:
(I—-A+B)du=0Ouvde, dq/q= Cdu, (61)
where A and B are defined in (56), and C and © are given by

Cw,w’ (wa 1])’) = ’S/w (w/)aw:wéﬁl’:w’ — Yw (w/‘w/)éﬁ):wa

~95 /
@w7w/(u~),u~/) = %6w:w6w’:w’~
Y (W) + 75, (w")

By Lemma 7, I — (A — B) is invertible on the space of continuous functions on W2, with a bounded
inverse. The Banach-space implicit function theorem (e.g., Zeidler 1986) therefore gives that the per-
turbed matching equilibrium (u¢, ¢°) exists for each ¢ sufficiently close to 0, and is (Fréchet) continuously
differentiable in ¢ in the product sup norm. Furthermore, by the uniqueness result in Section 9, it is
the only perturbed matching equilibrium, and its derivative (1, ¢) solves the system above with de = 1.

Lemma 1 now follows from Lemma 7, © = —7, and the fact that f /f = ¢/q since g does not change
with the reform:

u=(I-A+B)'0@=-KT, f/f=q/q=Ci=—-MT.
10.2.3 Proof of Lemma 2

Suppose first that f = 0, which is equivalent to ¢ = 0 since g does not change with the reform. For

each w, take a maximizer w’ of 1., so that
0= /’yw(ﬁ/|w’) (T (W) — Uy () di,

due to (60). Since v, > 0 and, at a maximizer, every difference i, (w'") — %, (@’) is nonnegative, the
only way this equation can hold is that ., (@) = i, (w’) for all @ # w’ (by continuity of i, with
continuous types). That is, the change in pecuniary utility is independent of the partner’s productivity.
The envelope theorem and feasibility now imply

T (w,w') = d(w,w') = 1y () + Ty (W),

which makes the reform additively separable, with 7(w) = —,, (w).
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Conversely, suppose that 7 (w, w') = 7(w)+7(w’). The response t,,(w') = —7(w) satisfies feasibility
and, since it does not vary across partners, leaves every choice probability unchanged. It therefore
satisfies both equations in (60) with ¢ = 0. By the uniqueness established in the proof of Lemma 1,
(t,q) = (—7,0), and thus f = 0.

For part (a), a uniform lump-sum tax or transfer 7 = +1 is separable with 7 = i%. Thus f = 0
and = :F%.

For part (b), absence of complementarities and symmetry give N'({,I') = —N(I) — N(I') for some
function N. With individual-based taxes, the maximization problem (5) separates into the two spouses’
individual problems, so earnings depend only on own type. The statutory tax change is therefore

additively separable.

10.3 Individual- and family-based taxation of income

Below, we prove the results that appear in Section 5. We focus only on family-based taxation since
the arguments for individual-based taxation are identical, except for Proposition 5, which we prove at
the end. Specifically, the proofs of Propositions 3 and 4 directly follow those of Propositions 1 and 2,

respectively.
10.3.1 Welfare-maximizing family-based taxes and the proof of Proposition 1

First of all, remark that since family earnings Y are continuously differentiable in types with a nonva-
nishing gradient (differentiating (57), (58) evaluated at & = 0 with respect to (w,w’) shows that the
Jacobian of (y,y®) has a positive determinant), and f, £, and ¢ are continuous, the density of family
earnings hY and the elasticity of family earnings ¢¥ are (right-)continuous.? Let [X, 7] be the range
of family earnings. Writing a reform as 77 (Y) = T¥(Y) + fg B%TF(t)ly>tdt and substituting into
(28) and (29), we obtain

W+ R= /YY <;AF(t) —(1-H"#)EK*a]Y > t]) a%TF(t)dt, (62)

where the terms proportional to T°F (YY) cancel because
1
/K*adF:/a.KMF: 3 /M*TFdF:/TF -MI1dF =0

by Lemma 2. Therefore, since the term in the round brackets in (62) is (right-)continuous, (31) holds
if and only if (32) holds at every ¢, due to the fundamental lemma of the calculus of variations. Hence,
substituting (30) into (32) and dividing by t£¥ (t)hF (¢), which is positive at interior ¢, gives (33), and

the proposition follows.

26In principle, even under our assumptions, the density of earnings h¥ can have jumps, yet it always admits a right-
continuous representative.
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10.3.2 Efficient family-based taxes and the proof of Proposition 2

For a probability measure a on W2, we read the left-hand side of (32) as [Klysda. This equals
(1- HY(t))E[K*a]Y > t] when « has a density with respect to F. Here, K acts on bounded measurable
functions, such as lys¢, through the same series (20), which converges by the argument of Lemma 7,
and Fubini’s theorem lets it pass under the integral over ¢. Repeating the argument in the proof of
Proposition 1 with [ 4@ da in place of W then gives, for every family-based reform,

/umM+R—1/Y(;AFU)—/iGy>Aa)5?TF@Mt (63)

Y

Let TF be not efficient and let TF be a Pareto improvement, i.e., R >0 and @ > 0 in all matches.
Towards a contradiction, suppose that there exist Pareto weights a—a probability measure on W?2—

satisfying the conditions of the Proposition. Then, by (63),
/mm+R:o

However, [ada > 0 since & > 0 and « is a probability measure, and R > 0, a contradiction.

Conversely, let T be efficient. The pairs (1, R) generated by family-based reforms, i.e.,
S = {(u, R)|TY is twice continuously differentiable with bounded derivatives} ,

where (i, R) are given by (21) and (29), form a linear subspace of the space of continuous functions on
W2 times R. Since taxes are efficient, the intersection of S and the set of pairs with @ > 0 and R > 0
is empty. The first set is convex, and the second is convex and open since W is compact. Therefore,
by the Hahn—Banach separation theorem (e.g., Rudin 1991, Theorem 3.4) and the Riesz representation

theorem, there exist a Borel measure oo > 0 on W2 and a constant ¢ > 0, not both zero, such that
/ ada+ cR =0

for every point of S. Both are nonnegative because the separating functional is positive on that open
set. By Lemma 2, the lump-sum reform TF =1 has = —% and R = %, so ¢ = [da, and hence ¢ > 0,
since a and ¢ are not both zero.

Thus, dividing a by ¢, we obtain a probability measure on W2, still denoted by «, for which the left-
hand side of (63) vanishes for every reform. The fundamental lemma of the calculus of variations then
gives (32) almost everywhere. Since t — [Klys;da is right-continuous by dominated convergence,
and so is AF by the right-continuity of hf and &Y, (32) holds at every ¢. Substituting (30) as in the
proof of Proposition 1 gives the equivalent form (33), with (1 — HY(¢))E[K*a|Y > t] read as above.
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10.3.3 Proof of Proposition 5

Since there are no complementarities and taxes are individual-based, examination of the first-order
conditions (57), (58) at ¢ = 0 and of the matrix in (59) reveals that the optimal earnings y,,(w’) and
the own elasticity &,(w’) are independent of the partner’s productivity. As a result, every reform is

additively separable. By Lemma 2, f =0and u = —T, ie.,
K7 =T, MT =0,

so tax perturbations do not affect sorting. Thus, the sorting term in (25) equals zero, and, by (28),
W=-— Ik oT'dF. Furthermore, the cross-elasticity ¢, (w’) is zero, so that the indirect behavioral effect
in (25) is zero. Putting all pieces together,

or r
. . . Y$a, OT
W+R:/(1—a)TdF—/ o 5 A

and using the fundamental lemma of the calculus of variations as in the proof of Proposition 1, we
obtain the formula in the proposition, which is the optimal tax formula of Diamond (1998), as shown

in Saez (2001).

11 Quantitative illustration

In this section, we detail our quantitative illustration in Section 6. We organize our discussion into two

subsections: calibration and numerical implementation.

11.1 Calibration

Our quantitative model has three sets of parameters: those of the (dis)utility of labor supply, those of
the distribution of productivity, and the parameter 8, which captures the importance of non-pecuniary
shocks, since these shocks are assumed to follow the logit model. We calibrate these parameters se-

quentially, in this order.
11.1.1 (Dis)utility of labor supply

We consider N of the form (38), parameterized by o and p, which control the elasticity of labor supply
and complementarities, respectively. It is strictly concave whenever x := (1 + 9)(1 4+ 1/0) — 1 > 0.
Direct calculations show that for linear taxes with % = 7, the optimal earnings y,,(w’) in (5) are given
by
(w) /X ()X Tre

1+1/0 ) ’

o) = (1= 77w
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so that the individual’s share of family earnings is s = w!'T1/X /(w!*/X 4-/1+1/X) and family earnings
are proportional to (1 —7)?. Under linear taxes, the tax terms in the matrix on the left of (59) vanish,
and the matrix becomes

x—o(l+1/o)s —o(1+1/0)(1—75)
—o(l+1/o)s x—o(14+1/0)(1—-5) |’

with determinant x/o. Inverting it gives the own- and cross-elasticities in (39). Since F' is symmetric,

the population average of s equals %, and averaging (39) gives

1
E¢ +E¢ = o, Eﬁ*EC:;, (64)
where E¢ and E( are the average values of behavioral elasticities. To obtain E¢ and E(, we rely on the

empirical estimates of Calvo et al. (2024) that we detail below.
11.1.2 Calibration of E¢ and EC

Calvo et al. (2024) develop and estimate a bilateral matching model of the marriage market in which
complementarities in the production of the public good determine sorting and sharing, using data from
the German Socio-Economic Panel (GSOEP). Their model of households can be seen as a gender-specific
instance of the setting in Example 1. As in Section 12.1.1, we use a prime “/” to denote a variable of
the person from the second group—female for concreteness. Then, the model studied and estimated in
Calvo et al. (2024) can be expressed as in (7) with k = 1, i.e., the home good is fully public, and with
the production technology

D(m,m') = 38.33 x (0.18(m) %5 + 0.82(m/)~0-54) "/
which is asymmetric, capturing the fact that women are relatively more productive at home. The cost
function is simply N(z) = 0 if # < 1 and N(z) = oo if £ > 1, meaning that each person is free to

allocate one unit of time between labor and home at no cost. Finally, the function 7 is of the form

T(y.y) = [(v) - 632 —42(9)"] + [(v)) - 632 - 42(5")"] .

In Calvo et al. (2024), this function is interpreted as the gap between a worker’s effective labor y and

0-63 rather than a tax function chosen by the government.

their market earnings, which equal 6.32 + 42y
From the households’ point of view, whether 7 is part of the labor market technology or a tax is
immaterial; thus the analysis of behavioral elasticities is identical to that in Section 4.2.

Calvo et al. (2024) report the equilibrium matching in the data conditional on spousal educational

levels. Each person has one of three education levels—low, medium, high—and we discretize labor mar-

ket productivity for each group into three values: w € W = {wy, wy,, wp,} and w’ € W' = {wj, w},,w} }.
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/ / /
w Wy, W,

w;  0.1306 0.0895 0.0116
w,  0.0667  0.1850 0.0328
wp  0.0188 0.0718 0.0846

Table 1: Matching frequencies by male productivity category (rows) and female productivity category (columns), taken
from Table 3 of Calvo et al. (2024), excluding singles.

We infer these productivities from the regression coefficients reported in Table O.12 of their supplemen-
tary appendix as follows. We set w,,, and wy, equal to the exponentiated coefficients on the dummies for
medium and high education in their regression of log hourly wages (regression 3), normalize w; = 1 since
the constant of that regression is not reported, and multiply female productivities by their estimated

gender productivity gap 0.85, which gives
w; =1, wy, =~ 1.03, wy, ~ 1.22,

and w’ = 0.85w for each education level. The equilibrium matching in the data, as documented by
Calvo et al. (2024), is reported in Table 1, and we normalize these frequencies to sum to one to obtain
flw,w").

To obtain behavioral elasticities, we consider two reforms, one for each gender. First, suppose that

taxes become

Twy)=Twy)+mm (632 + 42 (y)0'63) 7

where 7, = 0.01. We solve for the optimal spousal earnings (7, 7’) under these perturbed taxes and

approximate two behavioral elasticities from the log changes in earnings: the own male elasticity

Ing—Iny
/ ~
Swlw) > Ta—5
and the cross female elasticity
Ing’ —Iny’
Cu (w) ~ m

We then repeat the exercise for taxes on women and obtain two additional elasticities: the own female
elasticity &, (w) and the cross male elasticity (,(w’). Finally, using the matching, we compute the
following two ratios of cross-to-own elasticities:
D Go(W) f(w,w') 0138 2w G (W) f(w,w') 0286
> o & (W) fw, ')~ 0.295 > o G (W) f(w, )~ 1072
These two numbers are the source of “between one quarter and one half” in Section 6.1 and of the

target E¢ = iEﬁ.

~ 0.47, ~ 0.27.
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11.1.3 Marginal distribution of productivity

To calibrate G, following Golosov and Krasikov (2025), we first recover each spouse’s productivity from
the observed earnings, measured in hundreds of thousands of dollars, using the inversion in Section 6.
We then fit a Pareto-lognormal distribution (Reed and Jorgensen, 2004),

2
G(w) = <lnw — 77) — e‘m'*'azu2 w P (lnw A ) )

v v

% as w — co. We estimate a by

whose upper tail is Pareto with index a, i.e., 1 — G(w) ~ const X w™
regressing In(1 — G(w)) on Inw between the 90th and 99th percentiles of the empirical distribution G,
which gives a &~ 3.56. We exclude the top percentile because of sampling noise. We then choose n and

v to match the mean and the Gini coefficient, which have the following closed forms (see, e.g., Colombi,

1990):
v 2a(a—1)u2 1—-9
Fw=—% e Gini=20(-2) 145 o ((L=20v
a—1 V2 2a — 1 V2

In our sample, these statistics are 0.90 and 0.30, which gives n =~ —0.53 and v =~ 0.44. Figure 4 compares

the empirical and fitted distribution functions. For the benchmark without complementarities, the
earnings share drops out of the inversion, and the same procedure gives a ~ 3.39, n ~ —0.63, and

v~ 0.44.
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Figure 4: Empirical and fitted Pareto-lognormal distribution functions of log productivity.

11.1.4 Importance of non-pecuniary shocks

To calibrate 3, we use Kendall’s tau of spouses’ productivities,

Pr ((w — w)(w' — ') > 0) — Pr ((w — w)(w' — ') <0),
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where (w,w’) and (w,w’) are independent draws from F. Since F has no closed form, for each § we
compute the equilibrium under the linear tax on the grid described in Section 11.2, evaluate Kendall’s
tau of the resulting discrete distribution by counting concordant minus discordant pairs of grid points,
and solve for 8 with a root finder. In our sample, Kendall’s tau of the recovered productivities equals
0.10, which yields 8 = 33. In the benchmark without complementarities, matching is random for every

(3, so this parameter plays no role.

11.2 Numerical implementation

In our numerical approach, we fix the earnings grid {yi}fv:yl of 400 points, equally spaced in logs between
0.05 and 80, i.e., between $5,000 and $8 million. The algorithm proceeds in five consecutive steps, which

are repeated, starting from 7, = 0.3, until the optimal tax function is found.

Step 1: constructing the tax function Given marginal rates {Ti}fv:yl, we construct T' by the

trapezoidal rule in logs,
i
Ty + Til1Yi-1
T(y) =) S (lny; —lny; ),

Jj=2

normalized by T'(y1) = 0, and interpolate it with a cubic spline. Separately, we interpolate tax rates

% using a cubic spline of {In(1 — Ti)}évzyl in {lny; f\i’l This approach keeps interpolated rates below
one, and the derivative of the spline delivers %, which enters (59).

Step 2: assembling the productivity grid Given the tax function 7', let

(1-270)v
- 2TW)y+ (1-5T6)) v

s(y,y') =
(

be the share of after-tax marginal earnings of a person earning y married to a person earning %', and

let .
S = yree N TFaT7e)
w(y,y') = = (L+1/0)s(y,y"))
( - a%T(y))

be the productivity of this person, obtained by inverting the first-order conditions (57), (58) at € = 0.

This is the inversion of Section 6 with own and spouse marginal rates.
We define the productivity grid W = {wl}i\;‘“l of 400 points, equally spaced in logs between

the minimum and the maximum of {w(yi,yj)}ﬁl;f’zl.

Each grid point w; receives the mass g(w;) =
G(wie??) — G(w;e=?/?), where A is the log spacing, and the masses of the two tails are added to

the end points, w; and wy,. At this stage, we also renormalize the Pareto weights on W so that

SV a(wg)g(w;) = 1.
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Step 3: solving the couples’ problem Next, we solve for the optimal earnings y,,(w’) for each

pair w,w’ € W. They are characterized by the condition

7i](yw(’w/)>y11)’ (w)> =w Vw7’w/ ew,

which we solve by damped fixed-point iterations in log earnings. Starting from yg),i)(wj) = y;, we iterate

1 " (n "
In yl(U”H)(w’) =1In yfun)(w’) —5 <lnu}(yl(u )(w'),y;,)(w)) —1In w)

until the largest change is below a tolerance threshold.

Having found the optimal earnings on W2, we substitute them into the objective in (5) to obtain
the family surplus on W2, and into the left-hand side of (59) to find the behavioral elasticities on W2,
Specifically, for (38), we have

[ £ < }_ X—Q(1+1/U)S+% —o(l+1/o)(1-5) o
¢ e —o(141/0)s X = oL+ 1/o)(1 —s) + L2000

where s = s(y, y°), and the arguments and the dependence on (w, w’) are suppressed to simplify notation.
Step 4: finding the matching equilibrium To find the matching equilibrium, we follow the
approach outlined in the main text. With §; := Uy, (uw,) — 3v(w;, w;), equation (41) becomes a

fixed point in {51}?7:“’1 whose exponents stay bounded at large w;. We solve it by damped fixed-point

iterations starting from § = 0. We then recover ¢ from (40), normalize each row to sum to one, and set

f(wi, wi) = qu, (w;)g(w;).

Step 5: computing the effects of taxation and updating taxes With logit shocks, the adjoints
in (36) have closed forms in terms of the matrix P = (I+ Q)~! of Section 6. Using

pa(w) + Zpﬁ/ (W) (W) = L=,

which follows from (I + Q)P = I, we obtain

K" o= ! W) g(w)pg (w
(T ww') = BT (ww) =~ 52 T (o) ),

which capture the sharing and sorting effects in decomposition (37).
Next, we translate all effects to the original earnings grid. For any function X on W2, (1 —
H))E[X|y > t] =3, . X(w, W)Ly, >t f(w,w) is computed exactly. Conditional means at y = ¢,

namely £(¢) and the indirect behavioral term, are computed with a Nadaraya—Watson estimator with
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a Gaussian kernel in log earnings. The hazard ratio 1;(7%(;) is estimated by a local linear regression of

In(1—H) on Int. We add a bit of smoothing to all variables to ensure that the discretization noise does
not affect the resulting tax rates. Finally, we compute the right-hand side of (36), set 7; /(1 — 7;) equal
to it to obtain the implied rates 7;, update rates as a convex combination of 7; and 7;, and stop when

the largest change is below a tolerance level.

12 Taxation in other matching environments

In this section, we explain how our analysis of the baseline economy extends to other settings with
endogenous matching and provide auxiliary results mentioned in the main text. To streamline the
exposition, we focus on the underlying economics, assuming that the setting is sufficiently regular,
e.g., that the matching equilibrium is unique and differentiable, as in the baseline economy under

Assumptions I and II.

12.1 Heterogeneity, asymmetries, and outside options

12.1.1 Bilateral matching

Suppose that individuals belong to two groups, each of mass %, and match only with the other group.

Wl

We distinguish objects of the second group with a prime “”. Within each group, types w and w’ have
probability distributions G and G’, with densities g and g’. The joint distribution of matches F', defined
below, therefore has mass one, while the mass of couples is % The groups may have different laws of
non-pecuniary shocks, and thus different expected utility functionals U,, and U} ,, defined as in (2), and

neither A/ nor 7 need be symmetric. The family surplus v is still given by (5), where [ and I’ are the

labor supplies of the first- and second-group spouses.

Definition. An equilibrium in the marriage market given the family surplus v consists of functions
(u,q) and (v, ¢") such that

(A): G = (1) and gl = OV, (i)

B). qu(w)g(w) = q;, (w)g' (w');

(C). uy(w') +ul, (w) =v(w,w).

The joint density of matches is f(w,w’) := ¢, (w')g(w) = ¢, (w)g’ (w'). Adding the same constant
to all first-group utilities and subtracting it from all second-group utilities leaves these conditions
unchanged. We fix the constant by requiring [ U, (u,)dG = [ U, (ul,)dG".

Consider a tax perturbation 7. The envelope theorem continues to characterize the change in the

family surplus, © = —7. The behavioral responses are now characterized by group-specific behavioral
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elasticities, (¢,¢) and (¢',¢’), so that (24) reads as

b o oty e o ¢ ar o
y  1-0T/oyoy 1-0T/oy' oy’ v  1-0T/oy' oy 1—0T/0y dy’

where y = y,,(w’) and ' = y/,, (w) are the earnings of the first- and second-group spouses, and all objects
are evaluated at (y,y’). These elasticities can be obtained by perturbing the asymmetric spousal first-
order conditions, analogously to (59) in the baseline model. As before, the cross-elasticities satisfy

Slutsky symmetry,
v ¢
1-90T/0y 1-90T/0y

Now, perturbing the matching equilibrium defined above by (A)—(C), we can again write

w=Ko, o =K'v, f/f=d/q=d/d =My, (66)

for certain linear operators K, K’, M that can be obtained by differentiating (A)—(C) and [ Uy, (uy)dG =
J UL, (ul,)dG". This last equation ensures that the perturbed system is uniquely solvable.

Equatlons (65) and (66) characterize the responses of equilibrium variables to tax perturbations.
As in Section 4, one can use them to understand the effects of taxation. For example, the change in

revenues can be expressed as

/TdF+ /(W +g ) F—f/MT TdF.

One can also study efficient and optimal taxes along the lines of Section 5. For example, assume

Pareto weights on individual expected utilities, i.e.,

1 1
W=l /an(uw)dG +5 /a’U;,(u’w,)dG’,
where each group’s Pareto weights, o and o/, are normalized to integrate to one, so that the planner
has no preference for or against either group. Then the optimal individual-based, group-specific taxes

T and T" are given by

TooTw/9y ~ Ew) ROt E[l -K*a—-K* — M*T|y >
g| & 9Ty ly=t|, (67)

61— o1 /oy
and similarly for the other group. In contrast, the optimal tax function restricted to be individual-based

and identical across the two groups, T'= T", is given by

8T<t)/ay _ 1 1- Hp(t) * 1%/ *
T—arwey o e o LT Ka- K =My >
_[EP ¢ o1* /0y ly=t|, (68)

& (t)1—0T°/dy
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where the superscript p denotes pooling of individuals across the two groups, i.e., HP? = %(H + H'),
hP = L(h+h'), and &P = (Eh+E'h)/(h+ k). This characterization resembles the one in Proposition 3,
with the symmetrized sharing and sorting terms of (36) replaced by averages over individuals of both
groups. In particular, if @« = o/, Pareto weights depend only on productivity, as in (27), and (68)
is exactly the formula (36) of Proposition 3 written for the pooled population of individuals of both
groups, with the operator K replaced by its pooled counterpart KP.

Finally, as for efficiency, the argument of Proposition 2 applies. Group-specific taxes are efficient
if and only if there exist Pareto weights o and ', measures over the agents of each group in matches
normalized to one, such that both conditions in (67) hold at every earnings level. Unlike in the welfare
criterion above, these weights need not put equal total weight on the two groups. The common schedule

T =T is efficient if and only if (68) holds for some such weights.
12.1.2 Singles

Consider the baseline economy, but allow agents to remain single and pay taxes 7. A single individual
of type w solves

o(w) = mlaxwl — T (wl) + N (1),

where A is the (dis)utility of labor supply of a single individual, and we denote their optimal earnings
by ¢(w). The problem of couples is still given by (5), with spousal pecuniary utilities determined in
equilibrium. It is convenient to measure those utilities relative to the value of singlehood, so that the
utility of type w married to w’ is (w) + wy, (w').

In the marriage market, each person’s choice set is W U {(}}, where () denotes singlehood and, after

this normalization, has pecuniary payoff zero. We define U,, as in (2) on this enlarged choice set by
U () := Ey [max {ma}xuw(w’) + B te(w'), OH ,
and write G, = 1 — [ quw(w’)dw’ for the probability of remaining single.

Definition. An equilibrium in the marriage market given the family surplus v and the values of sin-
glehood ¢ consists of functions (u, q) such that

(A). qu = U (uw);

(B). qu()g(w) = qur (w)g(u):

(C). a(10") + thye (w) = w(w, w) — B(w) — H(w').

Relative to the baseline, singlehood changes the equilibrium in two ways. First, spouses now split
the net surplus of marriage, v — v —0°, rather than v, so taxes on singles affect couples through the value
of their outside option. Second, choice probabilities no longer sum to one over partners; the remainder,

Gw, 18 the probability of remaining single, so the marriage rate is endogenous.
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The behavioral responses of singles are characterized by the elasticity of earnings with respect to

the retention rate, £, exactly as in Saez (2001): §/§ = —ff;ﬁ%y

. The behavioral responses of couples
are the same as in the baseline.
The addition of singles slightly alters perturbations of the matching equilibrium. Specifically, the

own matching semi-elasticity now includes substitution toward singlehood,

oo () = / oo (5 ")’ + oo (D).

By the envelope theorem, the change in the net surplus of marriage is —7 (y,, (w'), y3 (w')) + T (§(w)) +
T (4(w')). Consequently, the argument of Lemma 1 gives

u:K(—T+’f+’f5), ;zM(—T+%+’fﬁ),

where K and M are the operators of Lemma 1 built from the amended 4. The marriage rate responds
by
Gug(w) = —/f(w,w’)dw'.

One can use these expressions to study the effects of taxation, as well as efficient and optimal taxes, as

in Sections 4 and 5.

12.2 Proof of Lemma 4

Since Conditions (A) and (B) are unchanged, (60) continues to apply. Differentiating (44) gives

Uy (W) Uy (W) . /
V() jBe T 8V (w)jde W)
Combining it with (60), we obtain
(W) AL (w)o(w, W) + [ (@ |w )iy () dD" — [ A (0| W)ty (@) did
WVu(w')/dc 36, (W) + 75, (w) ’

and multiplying by 0V, (w’)/0c gives (45). We assume that I — A°+ B¢ has a bounded inverse, which
holds by Lemma 7 when marginal utility is constant and, by continuity, near that case. Under this
assumption, the argument in the proof of Lemma 1 gives the lemma with K¢ = (I - A°+B¢)~1@¢ and

Me¢ = CK°.
12.3 Taxation and sorting in firms

In this section, we illustrate how to solve for the responses @ and ¢ in (51) and (52) in the FC-MNL
model described in Section 9. In this model, 7 equals

B —o)
0qu ()

() = B+ / T () (e, E)p(F, ),
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and it depends on the menu of pecuniary utilities unless o = 1. The response of 7,,, that is, its (Fréchet)

derivative with respect to the pecuniary payoffs evaluated at the equilibrium payoffs, can be shown to

be given by
~ = Lz(lig) Tw(Z|2)p(z, 2)p(Z, 2 T, T p—(j,x)fp(x,i) Uy (7)dT
ute) = ZO) [ @lolpte,aptaa) (st )+ D LED Y i )
PO=0) [ Glople,5)p(E2) (p(@,2) + BEDZPED s
+ P02 [ Gt (a0 (o) + HEDHED ) 4 gy

L BB - @) / Qoo (Bt ()T + (8 — () / oo (F[2) (it () — 10 (7)) dE.

Then, eliminating y,(w) from (51) and (52) gives

i () = W ()Y () = Vo (2)T (Y2 (w)) — (@) 5 T (ya (),

for certain coefficients w., (), ¥y (x), and ¢y, (x). Combining these two expressions, we obtain a Fredholm
integral equation of the second kind for . Once this response has been found, we can find 7, ¥, and ¢

using the expression for 4 above, (51), and (49), respectively.
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