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Abstract

This paper studies a canonical dynamic screening model where the principal’s discount
factor is larger than the agent, the agent has limited commitment and payoff relevant private
information that follows a Markov process. The interaction of unequal discounting and limited
commitment with persistent agency frictions produces a novel tradeoff: (i) new intertemporal
costs of incentive provision emerge, and (ii) the net present value of the standard information rent
decreases. The former ensure that the shadow price of incentive constraints are permanently
positive, and the latter contributes towards decreasing distortions since principal and agent
evaluate future payoffs differently.

The optimal contract mostly exhibits a rather simple cyclical form that we term restart:
(1) distortions decrease monotonically in the consecutive number of low shocks; (ii) a high
shock erases all previous history of distortions, and then (iii) for every consecutive low shock,
distortions follow the same path as before. Invoking an automaton inspired definition, restart
contracts are shown to be simple. The optimal restart contract is (globally) optimal when the
relaxed approach works, and approximately optimal otherwise.

The setup admits a host of applications where one party is "financially bigger" and the other
is armed with some private information. Examples include a venture capitalist-entrepreneur
relationship, loan contracts between the International Monetary Fund and emerging markets,

and governments redistributing amongst heterogeneous citizens.

1 Introduction

In their treatise on the theory of incentives, Laffont and Martimort [2002] define the quintessential

rent-efliciency tradeoff in contract theory thus:

[TThe information gap between the principal and the agent has some fundamental im-
plications for the design of the bilateral contract they sign... At the optimal second-
best contract, the principal trades-off his desire to reach allocative efhiciency against the

costly information rent given up to the agent to induce information revelation.
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The objective of this paper is to understand how the aforementioned tradeoff evolves when the
principal and agent contract over time and the principal faces more favorable interest rates than the
agent. It studies the interaction of three forces- (1) the agent has payoff relevant private information
that follows a Markov process, (ii) the principal has commitment power while agent has limited
commitment, and (iii) the principal is more patient than the agent. Taking away the third force,
novel to this paper, would put us in the rubric of standard dynamic mechanism design models (see
Bergemann and Vilimaki [2019]), and in addition, assuming that the principal lacks commitment
would make our setup akin to a stochastic game (see Horner et al. [2011]).

Our setup admits a host of applications of principal-agent scenarios, where one party is "finan-
cially bigger" and the other is armed with private information, for example: a venture-capitalist
plush with cash and an entrepreneur with hidden information about the viability of a project, and
an large lending agency such as the International Monetary Fund and a emerging market looking
for some capital infusion. In the "macro” interpretation of the model, it can also be applied to tax-
ation environments where a government wants to redistribute amongst citizens with heterogenous
shocks in labor productivity.!

Think through the following simple example. Suppose the principal and agent interact for two
periods. They can make payments in both periods, but trade happens only in the second period.
The agent’s type, that is his value of the object for trade, can assume one of two numbers with some
probabilities. No information is generated in the first period, and the agent privately learns the
type in the second period. If the principal and agent sign a contract in the first period, the principal
can essentially extract all the surplus from this dynamic contract reducing the agent’s payoft to
his reservation value, irrespective of his type realization in the second period. The principal is
still paying information rent to the agent in the second period, but all of it is extracted in the
form of upfront payments in the first period. The shadow price of incentives is thus zero- the
principal implements the efficient contract and takes the efficient value of the total surplus as profit.”
Allowing for dynamic contracts relaxes distortions characteristic in the static model.’

A crucial assumption in reaching the above conclusion is the absence of any financial or collat-
eral constraints. The agent has enough funds to pay upfront for the whole value of the "firm" or
can raise external capital at the same rate as the principal. In the presence of financial constraints,
the principal’s ability to recover future information rents upfront is restricted. As a result, in the
context of the above example, the agent’s limited commitment constraint in the second period starts
binding, which in turn implies that the shadow price of providing incentives in the second period
is no longer zero. We are therefore back to allocative distortions that determine the rent versus

efficiency tradeoff, as in the static model.*

!Tn each of these cases the principal is mentioned first (venture capitalist, IMF, government) followed by the agent
(entrepreneur, emerging market, citizen). Moreover, in each case, it is reasonable to assume that the principal has deeper
financial capacity than the agent, the agent has some private information, and the agent has limited commitment.

2We use the standard economics terminology in referring to the Lagrange multiplier of a constraint in a constrained
optimization problem as the associated shadow price (Dixit [1990]).

3Baron and Besanko [1984] and Laffont and Tirole [1996] are two early papers that exposit the advantages of dynamic
contracts in overcoming frictions of private information in the context of regulation and pollution permits respectively.

*Allocative distortions mean the wedge between the optimal allocation and the efficient allocation.



Previous work has analyzed hard financial constraints wherein the agent does not have deep
pockets and cannot raise external capital (see, for example, Krishna et al. [2013], Krihmer and
Strausz [2015], and Krasikov and Lamba [2018]). In this paper, we look at soft(er) financial con-
straints: the agent can obtain financing but at a higher cost, while maintaining the assumption that
agent has limited commitment. These two qualitative assumptions are modeled through unequal
discounting, §p > 64, and a participation constraint on the agent’s lifetime utility in each period.

Under this setup a novel tradeoff emerges. Think back to the two period example. Suppose
the agent has to paid an information rent worth x in the second period. The principal can extract
a maximal amount of 64 X x in the first period because any higher price will not be accepted by
the agent. Therefore, an added cost of delivering an information rent of x in the second period is
introduced which is given by —(6p —6,4) xx. We call this the intertemporal cost of incentive provision,
distinct from the standard information rent that has to be paid in the second period. It pushes in
the direction of more binding incentive constraints, and hence greater allocative distortions.’

Now, consider the multi period version of the stated example with trade in every period.
Here for a fixed value of per period surplus (say s, 52,53, ...) and standard information rent (say

X1, X2, X3, ...), the principal has a higher net present value of the former (3 61’;—15[) and smaller
t

value of the latter (3 6% 'x,), since these are calculated under 5p and 4 respectively. This forms
the benefit side of tl'tle aforementioed tradeoff. It pushes to reduce the shadow price of incentives,
and hence decrease allocative distortions.

In describing the above tradeoff, we assumed a fixed value of dynamic information rent; at the
optimum, these forces interact to endogenously pin down the optimal value of economic surplus
and information rents, which in turn characterizes the extent of inefficiencies in our environment.
In what follows we provide a brief description of the model, the forces at play in special cases of
our model, and an intuitive characterization of dynamic distortions with all three key ingredients:
Markov types, limited commitment and unequal discounting.

The formal model entails a “small" firm (agent) with a production technology whose total factor
productivity (TFP) changes periodically according to a two state Markov process, and a “large"
supplier (principal) of capital that is critical for production. The principal is more patient than the
agent, and the realization of the TFP shock is privately observed by the agent. A contract here is a
dynamic menu of capital allocations to the agent in return for payments to the principal. We solve
for the profit maximizing contract of the principal subject to incentive compatibility and individual
rationality constraints for the agent, where the latter constraint captures limited commitment on
part of the agent.

Suppose the two TFP types are given by 6 and 61, where 0 > 6. The usual no distortion
at the top principle implies that 6y is always allocated the efficient capital: k%, = k¢, for all z. The

challenge is to solve for the optimal dynamic distortion of the capital allocation to the low type.

>Note that the limited commitment assumption is important here, in the absence of which the principal is guaranteed
an arbitrage opportunity with no extra costs. Suppose the principal lends x to the agent, and demands it back with interest
in the second period. Then, the payment to the principal is —x + /s,x > 0 and agent breaks even in payments across
the two periods, x-6 4 X /s,x = 0. Obviously, the principal will want to maximize the gains from this channel by lending
an arbitrarily large amount of money to the agent and demanding it back in the next period. The limited commitment
assumption, that the agent needs to break even in the second period as well, precludes this arbitrage channel.
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Figure 1: Sample of allocations across time

As a first step towards understanding the structure of distortions, consider a special case of our
model where the agent’s type follow an iid process. Heuristically speaking, distortions in capital

allocation take a very simple form:
k! = ke — (static distorti d kL =k 04) . (static distortion) f ‘
=k} — (static distortion), an =k; - (1~ 5ol (static distortion) for ¢t > 1.

where kj is the capital allocation to the low type in the z-th period.

In the iid model, every binding incentive constraint produces distortions that have a one-period
memory. With equal discounting therefore, only the first period allocation is distorted, the shadow
price of all future incentive constraints is reduced to zero by paying for the information rent up-
front. However, with unequal discounting, this shadow price is now permanently positive through
the novel intertemporal cost of incentive provision. The distortions, though, do not propagate into
the future.” Figure 1a depicts the permanent cycle of static distortions for the iid case. The "high"
type gets the efficient allocation, and the "low" type is served a distorted allocation where the extent
of the distortion is its distance from the dotted horizontal line.?

The main applications of this theoretical framework would realistically demand the agent’s pri-
vate information be correlated across time. So the main focus of our paper is to characterize how
dynamic distortions would evolve over time with Markovian agency frictions. As before, the high
type gets the efficient allocation. However, the distortions for the low type now have infinite mem-

ory that assume a very special structure. Again, writing heuristically:

*Here k§; and k] refer to the efficient capital allocations that would be supplied if the TFP realizations (67 and 6,
respectively) were publicly observed. Hence a distortion is the wedge between the efficient and the optimal allocation.
In the quasi-linear framework that we follow, this wedge is essentially pinned down by the Myerson virtual value (see
Myerson [1981] and Pavan et al. [2014]).

7In the iid model, the second (benefits) channel mentioned above does not play a role. Since the standard information
rent each period itself is static, there is no benefit to the principal from the agent valuing future utils less than her.

81n Figure 1 the x-axis represents time and y represents the allocation corresponding to the time for a path of realized
private types of the agent. The two dotted horizontal lines at 2.3 and 1 represent the efficient allocation for the high and

low types.
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L=ky - (5_A - (standard dynamic distortion) . + (1 - 5—A) - (new intemporal distortion) .
P P

where t — 7 < t is the most recent high type realization in the ¢-period history of TFP shocks,

that s, the history of shocks can written as
0" = (0" 0p.0;,....0.),
—_——
T—times

so that the exact composition of 87771 is irrelevant, and the distortions are determined as if the

contract is 7 periods old.

The boxed equation above is the backbone of the optimal contract, and we briefly explain the
key economic forces that lead to that exact structure. It can straightway be noted that dynamic dis-
tortions are simply a function of the number of consecutive low shocks since the last high shock.
Each time a high shock arrives, the memory of distortions is completely erased and future distor-
tions form a repetitive chain. The evolution of distortions is represented clearly in Figure 1b. We
call this cyclical pattern of optimal distortions restart.

To understand the pattern of distortions, consider the special case of our model with equal
discounting (64 = 6p) and Markov types. There the impact of consecutive low shocks is perma-
nent but gradually weakens over time, and the realization of a high shock ends distortions forever;
Battaglini [2005] calls these "vanishing distortions at the bottom" and "generalized no distortion at
the top", respectively. The main economic force behind both the properties is backloading of the
agent’s payofls, which helps minimize the shadow price of incentives. With unequal discounting
backloading is costly: for every x that is backloaded only 64x can be recouped upfront.

Two main differences arise in the structure of optimal distortions with unequal discounting:
First, the arrival of a high shocks erases the legacy of past binding incentive constraints, however,
the shadow price of future incentive constraints still remains positive. Second, akin to the iid model
with unequal discounting, the first low shock seeds distortions anew, but due to the Markovian
nature of shocks, these distortions now propagate along the sequence of consecutive low shock
realizations. Old distortions carry on, weakening over time, and new seeds are added very period
due to repeatedly binding incentive constraints. The monotonic nature of these distortions are
analytically pinned down: they decreases over time and converge to a fixed positive value.

What happens if the ex ante agency problem, as measure by the magnitude of 6y — 6y, is
particularly acute? As can be inferred from Figure 1b, for consecutive low shocks the optimal
allocation first falls and then rises to converge to a fixed value. In the figure this convergent value
lies above zero. However, if the agency problem is acute, the distortions do not decrease enough for
the allocation to converge to a positive number. In such a situation the optimal contract excludes
the low type, it gets zero supply across time; we call this feature shutdown.

The basic theoretical analysis above suggests that the wide-spread prevalence of inefficiencies is

financial contracts could, at least at a high level, be explained by the stubborn inequality in access to



capital markets. In such a situation, it is never optimal for the principal to take over the technology
from the agent, or conversely "sell the firm" to the agent. In the corporate finance view of the
model, the Modigilliani-Miller Theorem (Modigliani and Miller [1958]) never holds, even in the
limit, which means capital structure always matters.

As noted earlier, financial constraints in dynamic mechanisms have been modeled as a restriction
on the magnitude of per-period transfers or limited liability constraints for the agent, but maintaing
equal discounting. In such an environment, distortions actually increases with consecutive low
shocks and at any given point a consecutive number of high shocks would make the shadow price of
incentives zero. In fact the contract would reach the efficient allocation almost surely (see Krasikov
and Lamba [2018]). Thus, the agent can still win his way towards provision of liquidity, and the
optimal allocation becomes eflicient; however, with financial constraints modeled here as a constant
asymmetry in the interest faced by the two parties, inefliciency is permanent, and more specifically
it is cyclical.”

We also make two other conceptual contributions, on simplicity and approximate optimality in
dynamic contracts. Unequal discounting leads to the downward and upward incentive constraints
binding simultaneously for certain parameters, even though we operate in a type space that has a
cardinality of two. The optimal contract then loses the restart feature and can have a very compli-
cated form. We do two things. First we develop a notion of simplicity of the contractual space in
our model using ideas analogous to automaton in repeated games. In this realm, any restart contract
is simple, and the optimal contract is simple if and only if it is restart. Second, when, the optimal
contract is indeed not restart, we propose the optimal restart contract, that is we optimize over
the space of restart contracts, and show, by constructing a theoretical bound, that the loss in profit
from this restriction is minimal.

The paper ends with comparative statics on discounting and persistence of Markovian shocks,

and an overview of literature and potentially promising ideas for future work.

2 Model

2.1 Primitives

A firm (agent) with access to a production technology approaches a supplier (principal) of a key
input; the former is a "small player" while the latter is a "big player" in the market.!® The total
factor productivity (TFP) of the firm is its private information. They agree to sign a (dynamic)
contract whereby endogenous levels of input are supplied by the principal every period, in return
for monetary payments by the agent. Formally, the agent’s stage (or per-period) preferences are
given by OR (k) — p where k is the input supplied by the principal, p is the payment made by the

agent, 6 is the total factor productivity, and R is a concave production function that satisfies Inada

9We discuss in more detail in Section 6, the connections to other dynamic models, especially in public finance and
financial contracting, where unequal discounting generates analogous cycles in optimal allocation.
19T hroughout the agent will be referred to as a he and the principal as a she.



conditions.!! The principal’s stage utility is simply p — k.!2

TFP or technology "shocks" can take values in ® = {6y,6;}, where 6, > 0and 0y —60; = AO >
0. We will often refer to it as the agent’s type. The types follow a Markov chain with transition
probabilities P(0x10;) = «;, which satisfies first-order stochastic dominance: @y > ;. To sim-

plify calculations, we assume that the prior distribution coincides with the invariant distribution of

ay

Markov process, that is P(0y) = Tarsar

. The principal does not observe the output, and therein
lies the asymmetric information or agency friction.

We consider an infinite horizon setting where the principal and agent discount future utility.
However, critically, we do not restrict them to have the same discount factor; these are denoted by
6p and 64, respectively, where 6p > 64. The concept of discounting or time preference is closely
connected to the idea of interest rates. For example, we can write §p = ™" and 64 = e™* where r
and s are respectively the interest rates faced by the principal and agent in the market with s > 7,
and the exponential representation approximates a continuously compounded rate. Krueger and
Uhlig [2006] write that different discount factors in principal-agent models can be interpreted as
"the gross real interest rate or the return to some storage technology the principal has access to."

The principal can commit to a long-term contract. Then, invoking the revelation principle, it is
without loss to focus on direct mechanisms. A direct mechanism is denoted by (k, p) = {(k¢, p:)} /2,
where (k;, p;) is a function of reports up to time ¢: 6t = (6y,...,8,). Denote the history with ¢
consecutive reports of type 6; by 6;.13 The principal’s objective is to maximize her profit subject
to incentive compatibility and participation constraints for the agent. For a fixed mechanism, the
agent faces a dynamic decision problem in which her strategy is simply a function that maps his

private history into an announcement every period.'*

2.2 Constraints

Define the stage and expected utility of the agent (under truthful reporting) at any history of the

contract tree to be
u(0%) = 0,R (Be(6Y) = pe (09, Up(6") = (6% + 648 [Upsa (0116

It is straightforward to note that a contract can then be expressed as (k,u) or (k, U). We shall use
the three formulations interchangeably.
A contract is said to be incentive compatible if truthful reporting by the agent is always profitable

for him. Using the one shot deviation principle, incentive compatibility can be formally expressed

Wechnically: (i) R’(k) > 0, R” (k) < O forall & > 0, (ii) R(0) = 0 and (iii) /lim R’ (k) = o, klim R/(k) =0.
—0 —00

12Note that other dynamic screening models can mapped into our framework and all the results in the paper can be
analogously stated. For example, we can also consider the regulation model ala Laffont and Tirole [1993] where the
principal and agent have preferences V (k) — p and p — 0k respectively, or the monopolistic screening model ala Mussa
and Rosen [1978] where the principal and agent have preferences p — k2/2 and 6k — p, respectively.

13 At the cost of minimal confusion, the subscript will be used interchangeably for time and type. Also, as is standard,
a contract is restricted to lie in /.

4The private history of the agent includes the previous reported types 81 as well as actual types 6 = (61, . ... 0;).
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Us(0") > 0,R (ke (0",0,)) = pe (0", 0,) + 4B [Ups1(68",6,, 60,1116

V6, 6,,Vt. Equivalently, incentive compatibility can be expressed directly in terms of (k, U):

Un(0°,0,) = Un(0",0,) > (0, — 0)R (ke (6,6, +
+ 64 (POr10) = P(0r10,)) (Urs1(8,6,,081) = Upsr (0, 01,61))

where 6, — 8, is the measure of static information rents and P(816,) — P(816,) is its dynamic
counterpart; the latter essential records the fact with Markovian shocks, knowing his type today
also gives some information to the agent about his types in the future. It is useful to partition the
set of incentive compatibility constraints into “downward” (ICpr) corresponding to 6, = 6y and
6, = 0; “upward” (ICr) corresponding to 6, = 67 and 6, = 0p.

A contract is said to be individually rational if it offers each type of the agent a non-negative
expected utility after every history, that is U, (0%) > 0 V6*. Individual rationality ensures that the
agent is provided with a minimum expected utility at each stage; its normalization to zero is done
for simplicity. This corresponds to a limited commitment assumption or the agent- he cannot be
forced to be in the contractual relationship. The set of participation constraints are analogously

partitioned into /Ry for 6, = 0 and IR for 6, = 6;.

2.3 Optimization problem

The principal’s objective is the maximize her profits subject to incentive and individual rationality
constraints for the agent. This problem is now formally stated.
The static surplus (under truthful revelatin) is denoted by s(6,k) = 6R(k) — k. Thus, the (ex

ante) expected surplus generated by a given contractis S = Y & LB 5 (6:,k:(6%)]. Moreover,
£=1
define

(o) o0

Up =) o5'B[u@Ih'™)] and U= 64"E[u(@ilh™)]
t=1 t=1
to be the expected net present value of the agent’s utility using the principal and agent’s discount
factors respectively. For 6p = 64, we have Up = Uy. However, in our framework, the principal
and agent evaluate the agent’s utility stream differently.

To express Up only in terms of U, parse it out into two components: Up = Uy + 1, where

Us=E[U1(6)] and = i(é}:l 64 DB [m(8Y)] = (6~ 64) iaﬁa [U:69];
t=2

t=1

Uy is the standard information rent and I is the intertemporal cost of incentive provision. Then, the

principal’s problem, say (%), can be stated as:

(x) II*= max S—Uy—-1I subjectto k>0and ICy, IRy, IC1, IR

15The Markovian (full support) assumption on stochastic evolution of types ensures that the agent wants to report
truthfully even if he has lied in the past; incentives are preserved both on and off-path.



2.4 Virtual value

To conceptualize the solution to problem (%), we shall introduce the notion of Myersonian virtual

value (Myerson [1981]). In our guasi-linear environment, define
Pr(x) =0 +xA0, ¢r(x) =0 — xA,

to be the virtual values of the high and low types respectively. Here x > 0 measures the level
of distortion arising out of information asymmetry, and is pinned down by the set of binding

constraints at the optimum. Finally, the optimal allocations are then recorded as follows:
Ku(x) =arg mkax dr(x)R(k) —k, Ki(x)=arg mkax ér(x)R(k) — k.

Concavity of R implies that Kz is an increasing and K a decreasing function of x. The efficient
allocations are, of course, given by &%, = Kz (0) and k§ = K7(0).

To fix ideas, note that in the static model, the solution would provide the efficient capital to

POn) _ _ar
POL) — l-ap”

our setup, this value of x evolves over time as a function of the level of asymmetric information

In

the high type, and a distorted allocation to the low type given by K (x) for x =

captured by the Markov process, and the fact that the principal and agent discount future payoffs

at different rates.

3 Restart contracts

In this section, we provide a "solution" to problem () by focusing on a specific class of simple con-
tracts. We call these restart contracts, because they reset their terms and start at the same allocation
after a high type is reported. The main focus of this section is on a pair of restart contracts that
provide tight upper and lower bounds on the optimal profit. For a large measure of parameters
the upper and lower bounds coincide, and thus our characterization is the exact optimum. More

generally, the loss from using the optimal restart contract is shown to be relatively small.

Definition 1. A contract <k, U) is called restart if there exists a number kg and sequences {k;} such
that, V6t

k(05 01) = ki, ks (051,01,65) = ks Vs

The restart property is modeled as a measurability restriction on the allocation rule: all rele-
vant history dependence is encoded in the number of consecutive low shocks since the last high
realization. The allocation is completely characterized by the number kg and two sequences {k,}
and {/;t}. The first sequence, {k,}, defines the allocation for consecutive low shocks after a high
shock has been realized, and the second sequence, {ét }, defines the allocation to the low type along

the "lowest" history, where the high type has never been realized in the past.'®

16The second sequence is left out in Definition 1 for simplicity, because it is implicit that since the lowest history is
the only one which cannot be written in the form O 04, 61 ), it will have its own sequence of allocations.
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Figure 2: The evolution of allocation in a restart contract. A red/blue arrow indicates a transition,
because of a high/low report.

Figure 2 exposits the evolution of restart contracts. The contract starts in the white circle, and
then evolves dynamically. If the agent reports 6, then kp is supplied irrespective of the previous
history. If 8; is reported in the first period then allocation is k1, followed by k, for every subsequent
announcement of ;. If 6; is reported immediately after 67, then k; is allocated, followed by &,
for every subsequent announcement of 67 . The restart feature is captured by the fact the allocation
always returns to kz on the realization of a high shock, and remains there until a low shock is
realized, which triggers the sequence k; once again.

Now, we solve two problems that are easier to characterize than the original problem (%), and

that provide upper and lower bounds on the optimal profit.

3.1 Relaxed problem

We start with the standard relaxed problem approach from contract theory, wherein the incentive

constraint for the low type and the individual rationality constraint for the high type are ignored:

# H#:?kl%% S—Uy-1 subjectto k>0and ICy,IR;
We will denote the solution to this problem by (k*, U*) and its profit by I1*. This is often referred
to in the literature as the first-order optimum, because it only takes the "first-order constraints” into
account. Interestingly, &” satisfies the restart property, and by construction it provides an upper
bound for the optimal profit, that is IT* < I1*.! In what follows we illustrate how to obtain the
first-order optimum and provide a closed-form solution.

Start by rewriting /Cp as follows:

Ui (0", 00)-U,(0",600) > AOR (ke (0, 00))+6 al@rr—ar) (Ups1 (0", 01, 0) = Uy i1 (657, 67))

17The first-order optimum solves the original problem, thus IT* = IT*, if and only if (k*, U*) satisfies the remaining
constraints, namely /Cy and IR 7.

10



In the appendix, we show that /Cy and IR} always bind at the optimum. Then, the following

identity is generated by the inductive application of binding constraints:

()

U (0,01) = )" (6aan —ar)) ™ AOR (ke 145(6"",61)) (1)

s=1

Equation (1) gives the expression for the agent’s expected utility in terms of the allocation:

Up = EB[U1(61)] + (6p — 64) ) 05B [U(6Y)] = )
t=2
= 365 b A6R (Ri(69) B(OE) + Y Z 05"+ ps - AOR (ks (07,011, 01)) B(O™, 011,07
t=1 6t 5=

where {0, } and {p,} are measures of agent’s information rents, respectively for the lowest history
where no high type is ever realized and the restart phase where at least one high type has been

realized at some point. Recall the definitions of Kz and K} from Section 2.4.

Theorem 1. The first-order optimum is a restart contract with k', = k¢, and

L
—ay

=Ki(py)  for pr=bpi1+ar, p1=an

= (](L(//)\t) f07’ /St = bﬁt—l +ay, /7\1 =

=H,L

5A6¥1-1 ay 4_( _5_A) i
where b = e and aj = (1 &) Tk

The high type allocations are always efficient, the low type allocations starts with the seed

distortion p1 = =L, which is equal to the optimal distortion in the static model. From then

on, every successive low type carries over the previous distortion with a multiplicative factor b =

o4 ag—ar 6,4) ar
op l-ar op/) 1-ap’

moment a high shock arrives all previous distortions are erased. Now, the realization of a new low

and adds to it a new L-seed, a; = ( culminating in p; = bp,—1 + ar. The

ap

=, different than a; since the last period type

type leads to an H-seed distortion ap = (1 - g—ﬁ)
was high. Again, for every successive low type a multiplicative factor & carries over the previous
distortion and adds to it a new seed az, culminating in p, = bp,_1 + ar. The key difference in the
structure of distortions from the equal discounting model is that now distortions do not disappear
completely once a high shock arrives, they simply loose memory; this is because new distortions
are seeded again on the arrival of a low shock.

That seed distortions ap and a; are created by unequal discounting can be readily seen by
observing lim ay = lim a; = 0. For every unit of information rent that has to be paid to the

04—0p d4—0p

agent, unequal discounting creates the three novel economic forces: (i) backloading is costly, hence
IR permanently binds, (i1) new intertemporal costs of incentive constraints are introduced, hence
ICp binds permanently, and (iii) net present value of standard information rent goes down. These
interact to endogenously pin down the optimal level of allocative distortions.

A seed distortion is created every time an individual rationality constraint binds, and it is prop-

agated through multiplicative distortion created by the linking of binding incentive compatibil-
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ity constraints. Note that propagation through & is driven by the Markovian nature of shocks;
aliir}l b = 0. Therefore for iid shocks, captured by @y = @1, distortions are permanently seeded
blli,lt héve no memory, since there is no propagation.

The magnitude of distortions can be more precisely described. The distortions in the restart
phase are monotonically decreasing, therefore the allocation for consecutive low shocks is mono-
tonically increasing. Two things can happen in the time limit: either the limit allocation is positive,
or even in the limit the distortions are not small enough to make the allocation positive. In the
latter case the principal permanently shuts down the market for the low type agent. More generally,

we can define shutdown as follows.
Definition 2. A contract (k, U) is (permanently) shutdown zf tlirn P (kt(et—l,aL) = O) = 1. Shut-
downs are temporary zftlim P (/et(et‘l, 0r) = O) € (0,1).

The following list consolidates the key properties exhibited by the dynamic distortions of the

first-order optimal contract.
Corollary 1. The first-order optimal contract satisfies the following properties:

(a) distortions are monotonically decreasing: p; > pr+1 and py > pre1 Vit;

(b) distortions are pervasive: lim p, = lim p, = {4 > 0;
t—00 t—00 -

(c) there are shutdowns in the restart phase: ki = 0 for some t whenever 6, < p1A8;

(d) shutdowns are permanent: ki = 0 for all t whenever 6, < lim p,A6.
t—o00

The distortions dynamics here are distinct than both the equal discounting model without
financial constraints (eg. Battaglini [2005] and Pavan et al. [2014]), and the equal discounting model
with hard financial constraints (eg. Krishna et al. [2013] and Krasikov and Lamba [2018]). In the
former case, depending on the generality of model, the distortions are monotonically decreasing
and the contract converges to the efficient allocation in the limit, either along every history, almost
surely, or at least on average. In the latter case (modeled as u > 0 as opposed to U > 0) the
distortions are monotonically increasing in the bad (or low) shocks, but the contract still does
converge almost surely to the efficient allocation. Thus, a soft but permanent financial constraint
the form of 64 < 6p can create greater (long-term) inefficiency than a hard financial constraint in
the form of u > 0; the latter can eventually be overcome in a long enough relationship if the interest
rates faced by both parties are the same.

Finally, we precisely identify the set of primitives for which the first-order optimum is globally
optimal, that is when all upward incentive constraints are slack. Observe that the binding /Cx
and /R uniquely pin down transfers as a function of allocation, thus transfers inherit the restart

property, which is documented in the following simple result.

Corollary 2. The first-order optimal payments are such that V01, U? (6*71,6,) = 0 and

U071, 0m) = 80 3 (6a(ass = @)™ (R oK) (5o)

U, (0,010,057, 0) = A0 %, (Sa(am — ar)) ™ (Ro K1) (pr) Vs,
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We use Corollary 2 to understand when the first-order optimum satisfies /Cy, which can be

rewritten as follows:
U0, 01) = Un(0"™',01) < AOR (k) + 6alam — ap) (Ui (0°,603) = Upst (0, 01,601)) .

Recollect that distortions in the restart phase depend only on the number of low shocks since the
last high shock (Theorem 1), and they are monotonically decreasing along consecutive low cost
realizations (Corollary 1(a)). So, the tightest upward incentive constraint in the restart phase is the
"one at infinity". Moreover, distortions along the lowest history and in the restart phase converge

to the same value (Corollary 1(b)). Putting these together we get the following simple result.

Corollary 3. The first-order optimum is globally optimal if and only if the following hold:
lim U077, 61) < AOR(kyy) + 6a(an — an) U3 (07).

Figure 3 partitions the parameter space along the set of binding constraints for a specific exam-
ple. White and yellow regions represent the validity of the relaxed problem approach, where the
optimal contract is restart; the dark region is the space where the optimal contract is never restart
and upward incentive constraints bind infinitely often. The white portion in the southwest corner
also represents the case of (permanent) shutdown, no capital is supplied to the low type.

For larger values of A6, signifying greater ex ante asymmetric information, it is easier to separate
the two types, and hence the upward constraint does not bind often, culminating in the optimal
contract being restart in most of the parameter space. But for larger value of Af, the gain from

serving both types also decreases, so we see more shutdowns.'®

q ~

(a) AG = 0.1 (b) A6 = 1.1 (c) AG = 2.1

Figure 3: Partitioning parameter space into set of binding constraints. White & yellow: first-order approach
works and optimal contract is restart. White: low type is shutdown. Black: upward constraint binds ad
infinitum where @7 = 1 — a7 = @ on the x-axis, 64 on the y-axis; 6p = 0.8, R(k) = 2 VE, 0, = 1.

To summarize the discussion on primitives, the first-order optimal contract satisfies the restart

property such that the highest distortion occurs with the first low shock after which distortions

180 terms of the primitives, note that for 64 = 0 the optimally contract is trivially restart, the same is true for
the iid model (e = 1 — a;) and perfect persistence (g = 1 — @y = 1). In the intermediate cases, discounting
and persistence interact in a non-linear fashion. Technically speaking there is a "discontinuity” in the limit for both
discounting and persistence. When the agent is almost as patient as the principal and the types are highly persistent then
upward constraints start binding.
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progressively decrease to some constant and positive value (seen clearly in Figure 1 from the in-
troduction). As a result, Ut#H(@t_l,Q%{) = U;(qu) is the lowest element of the expected util-
ity vector for the high type, and U}, (6'~!,05,6;7",0) is a decreasing function of s. There-
fore, for a large enough s, it is possible that the non-monotonicity emanating from the fact that

U, (071,65,01) > Uf, (0", 01,6571, 01) can violate upward incentive constraints.

3.2 Restart optimum

In this section, we consider a more restrictive problem where the class of contracts is required to

be restart and have to satisfy the full set of constraints, moreover /Cyy must hold as an equality:

(R) TR = max S—Uy—-1I subjecttok >0and ICy,IC, IRy, IR
(k,U):(k,U) is restart, I Cz binds
We will denote the solution of this problem as (kR, UR), and refer to it as the restart optimum. It
is easy to see that TT® < IT*. When the optimal contract is restart, there is no loss from this extra
restriction, that is [T® = IT*."?

There are three reasons for focusing on the class of restart contracts: (i) it is a fairly intuitive
criterion and simple to describe, (i) the (global) optimal contract falls within this class for a large
measure of parameters, and (iii) even when the optimal contract is not restart, it continues to be
close to a restart contract in spirit and especially in the magnitude of loss. Our approach here is
somewhat analogous to Chassang [2013] in that it emphasizes the search for approximately optimal
contracts by constraining the instruments available to the principal, but it is also different in that
we do still demand incentive compatibility.

In what follows we describe the restart optimum and then provide a theoretical bound to pre-

cisely capture the gap in profit between (k*, U*) and (kR, UR).

Theorem 2. There exists y such that the restart optimum is as follows: kX > k¢, and

ay
1-apy

k=K1 (3)  for 9. = max{y,by,_1 + ar} for some y >

kY =Ki(y.)  for y:=max{y,by,_1 +ar} forsomey < ag

_ Saag—ay '_(_5_A) ey ;—
where b = §- 0 and aj = 5) T forj=H,L

The optimal distortions along the two class of histories, {y;} and {y; }, are given in Theorem 2.
These are obviously analogous to their counterparts from the first-order optimal contract (Theorem
1), but there are three key differences: (i) the high type allocation is (potentially) distorted upwards,
(i1) the initial seed at the lowest history is (weakly) higher and that in the restart phase is lower,
and (ii1) there is a floor on distortions, so if the floor binds, the contract has a finite memory

along consecutive low TFP shocks.’® The initial allocations, determined by three numbers &%,

9Tn general, the optimal restart contract does not have to satisfy all the downward constraints as equality. We require
the /Cpy to bind to reduce complexity of the problem, and the difference in profits is very small by not having this added
restriction; both the notion of complexity and bound on profits will be made precise.

2However, it must be noted that the optimal restart contract has positive memory in that it is not the same as the
static optimum, it does strictly better than the repetition of the static optimum.
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¥1 and 71, are picked using the first-order conditions presented in the appendix. Finally, the floor
¥, is uniquely determined according to the complementary slackness of the corresponding upward
incentive constraints.

How well does the optimal restart contract perform? By definition, the principal’s profit from
the optimal restart contract is lower than the optimal contract, [TR < TT*. Unfortunately, the gap
between the two is very hard to theoretically compute when the upward constraints bind. However,
we can still bound the loss by using the expression for the first-order optimal contract, IT*, which
is calculable in closed form. Since IT* < IT*, we must have IT* — TR < I1* — TIR.

We estimate the gap using sensitivity analysis. Attach a Lagrange multiplier to each upward
incentive constraint and evaluate the multipliers at the restart optimum. Quantify how much slack
needs to be added to these constraints so that the solution then coincides with the first-order opti-

mum.?! 22 The estimate can then be written as
1" — TIR < Lagrange multipliers - Slack

Corollary 4. There exists two bounds, B, and B,, functions of primitives, such that TT* — TIX < B,

R . .
and 1 — % < B,, and B, = B, = 0 when the optimal contract is restart.

0.6 0.6
Loss, %

Loss, % .

56_A
w -
S

S R —

(a) actual loss (b) analytical loss

. . HR
Figure 4: Percentage loss, (1 -1

R(k) =2Vk, 0, =1and A6 = 0.1.

) % 100 where g = 1 — @7 = @ on the x-axis, d4 on the y-axis; 6p = 0.8,

One is an additive bound, and the other is a bound on the ratio. In the appendix we provide

2IWe first describe a mathematical argument and then show how it can be applied to our setting. Consider a problem
of maximizing smooth concave function f : R} — R subject to a set of linear inequality constraints: Ax > 0. Denote
the solution to this problem when the constraints are ignored by x*, and consider an auxiliary problem parametrized by
e>0:Il(e) = ngf(x) subject to Ax > e min {0, Ax*}. By strong duality (assume it holds), II(¢) = ,1>i8 r;lfé(f(x) +

A+ [Ax — e min {0, Ax*}], thus we can estimate IT1(1) < m>aé<f(x) + A2(0) - [Ax — min {0, Ax*}] where 1(0) is the dual
x>

variable associated with € = 0. Conclude, that IT(0) -T1(1) < 2(0)-max {0, —Ax*}. This argument can be easily extended
to allow for linear equality constraints. In our setting: we maximize the seller’s profit over (k, U) which is restart and
satisfies (/Cpy) as an equality. Moreover, we require the upward incentive constraints (/Cy) to hold, these are a set of
linear inequality constraints. The first-order optimum solves the problem when (/Cy) is ignored yielding the minimal
slack, then our estimate of loss combines this slack and Lagrange multipliers when (/Cy) is imposed.

22Qur approach of slacking upward incentive constraints and quantifying the loss associated from the exercise has a
flavor of Madarasz and Prat [2017] where a robust approach to multidimensional screening entails the principal giving
up profits in order to relax global incentive constraints.
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closed form expressions in terms of fundamentals. Figure 4 depicts the loss from using the optimal
restart contract for a specific example. As before we set 67, = 1, 6p = 0.8 and R(k) = 2VE.
The unshaded region represents the validity of the relaxed problem approach so the optimal restart
contract coincides with the first-order optimum. When the relaxed problem approach is not valid
the analytical bound never exceeds 6 percent and the actual loss is never more than 4 percent.?
To summarize, when upwards constraints bind at the optimum, the optimal contract can take
a very complicated form, hard to pin down in closed form. This is because both high and low
type allocations are now distorted in a history dependent fashion. To generate precise predictions,
we look instead at the optimal restart contract. Restart contract kills history dependence in the
allocation for the high type, and encodes all history dependence in the allocation for the low type
through the number of consecutive low shocks since the last high one. This allows us to write down
a simple contract that is approximately optimal in general and exactly optimal when the optimal

contract is itself restart.

4 Simplicity through recursivity

In this section we characterize the optimum recursively, and document that when the optimal
contract is not restart, the state space required to encode it is significantly richer, and thus the
optimum is not “simple”.

A recursive contract can be thought as an automaton which supplies capital advances to the
agent conditional on an announcement of 8z /0. In such a scenario, one potential notion of sim-
plicity is due to Abreu and Rubinstein [1988]; it counts the number of states or equivalently a
number of distinct allocations supplied by the "machine".>* Unfortunately, in our infinite horizon
setting finite state machines are too restrictive, a prospective alternative notion of simplicity is to

let the set of allocations | {k;(6") : for some 6*} be countable. However, this notion of simplicity
t=1

is too permissive, specifically it allows the cardinality of U {k:(6") : for some 6}, to grow expo-

nentially with 7. We use a more demanding notion that does not allow the state space to grow too

fast.

Definition 3. A contract (k, U) is said to be simple if there exists a number C such that¥ T :

T
%| U{kt(Qt) : for some Gt}| <C.
=1

When a contract is not simple, it is termed complex. Clearly, any restart contract is simple. We

show that the optimal contract is simple if and only if the optimum is restart.

Theorem 3. Any restart contract is simple. Moreover, the optimal contract is simple iff it is restart.

2By actual loss, we mean the exact numerical value of the loss associated with using the optimal restart contract as op-
posed to the first order optimal contract, and by analytical loss we mean the value of the theoretical bound, min{B,, B, },
for which no optimization is required, it is simply a function of the fundamentals of the model.

24This notion was first studied by Moore [1956] and is often referred to as the Moore-machine.
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In what follows we briefly describe the recursive problem, which allows us to operationalize
the notion of simplicity.. It is easy to show that /R; will always bind for the optimal contract,
hence, U*(*°1,6,) = 0 at all dates. Thus, even though agent’s type follows a two state Markov
process, a one dimensional state variable, viz. U(6*1,60y) = w € R,, will suffice to encode all the
required history dependence. From the second period onwards, for a promised expected utility of

w to the high type and last period type 7, define the objective as follows:

RP)  Sj(w) = (ax, a;[s(kp,0m) — (6p = 6a)apzy + 6pSu(zy) ]+
z)eR4

+(1—a;)[s(kr,01) — (6p —6a)arzr + 6pSr(z1)] subject to

{w > AOR(k;) + S 4(as — ag)z;

w < AHR(/QH) +o0p(ag —ar)zy

The objective is to maximize the surplus when expected utility promised to the agent is fixed at
(w,0) or @;w + (1 - ;)0 in expectation. There are four choice variables: working capital advances
k = (ky,kr) and expected utilities z = (zp, z1); note that z; represents the utility promised to
the high TFP type next period if the current type is 6;. The term (6p — 54);z; captures the
intertemporal cost of incentive provision incurred by the principal in providing a continuation
value of z;. The two constraints are downward and upward incentive constraints, respectively. The
participation constraint of 6 type is subsumed in the recursive domain.

At date t = 1, the problem is different for two reasons: the belief equals the prior and contract
has not yet been initialized. To initialize the contract, w = U(0y) — U (1) must be chosen. The

problem reads as follows
(o) II* = Mo ~P(Or)w +P(On)[s(kn. 01) — (6p = Sa)anzy + 0pSy(zn) ]+

+ P(QL)[S(kL,QL) —(6p —6p)arzr +6pSi(z1)] subject to
w = AHR(/@L) +o04(ag —ap)zy

w < AHR(/@H) +o4(ag —arp)zy

Denote the optimal recursive contract by (U (6 ), k(-), z(-)) where (k(w), z(w)) solves (RP)
for each w > 0. As is standard, the recursive optimal contract can be used to generate the optimum

as follows:
kr(071,0) = k; (UF(0.6). U2, (07.0,,00) = 2 (U0, 01)) .

We establish that the allocations k(-) are monotone, thus complexity of the optimum is completely
determined by richness of the state space used to encode it. The formal details are provided in the
appendix, where we first completely characterize the global optimum in its recursive form, and then
show that the optimal contract converges to its invariant (or stationary) distribution in finite time.
Thus, in order evaluate the simplicity of the optimum, we only need to explore whether the set of

allocations (or promised utilities) in the support of the stationary distribution satisfy simplicity.
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Next, we first briefly define the stationary distribution of promised utilities and then the idea of
simplicity associated with it.

Combined with the process of TFP shocks, the recursive contract induces a Markov process
over ® x R,. Define the joint probability of the event that (i) the expected utility promised to the
agent lies in some Borel measurable set A C R, and (ii) type realized today is 6;; given that the

current expected utility and last period’s shock are w and 6; to be:
Fij(Alw) = 1(z;(w) € A)P(6;16;).

By standard arguments F can be shown to have a unique invariant distribution (see Theorem 12.12
of Stokey et al. [1989]). Denote by supp(F) c R, the projection of support of this unique invariant
distribution onto the space of promised utilities.

The set supp(F*) is a strict subset of the recursive domain, and its cardinality captures the
amount of information needed to describe the optimal contract. When the optimal contract is
restart, supp(F*) is relatively small and hence the set of the allocations attained in the stationary
distribution satisfies Definition 3. When then optimal contract is not restart, supp(F*) is exponen-

tially large, violating our notion of simplicity. This captures the spirit of Theorem 3.

5 Comparative Statics

We provide two types of comparative statics results here: a folk theorem type of result when the
principal is infinitely patient and a comparison of patient versus impatient agent from the perspec-
tive of the principal.

5.1 A "folk theorem"

Let B = %/s, and define the average (ex-ante) profit of the principal and the average payoff of the

agent at any time ¢ to be as follows:

M=(1-6p) ) 65 'Blp, k] and U, =(1-B6p) D (Bop) 'E[6,R(k,) - p.]

t=1 s=t

We consider the principal’s profit as she becomes infinitely patient. Define s¢ to be expected efficient

surplus under the stationary distribution:
s¢ =P(Op)s(Om, ky) +P(01)s (01, k7))

where of course, (P(67),P(6)) is prior, which is assumed to be the stationary distribution of the

two-state Markov chain. Thus, we have the following "folk theorem".
Corollary 5. IT* — s¢ if and only if 6p 8 — 1.

This result can be classified into two cases. In the first case, as §p 8 — 1, both players are equally

infinitely patient and the principal guarantees himself the total economic surplus. For imperfectly
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correlated types, the agent’s type in the long-run is (almost) symmetrically unknown. Since the
principal only cares about long-run payoffs, the information rent payable initially forms a negligible
part of 7; so the principal can implement the efficient contract in the long-run and extract the
associated information rent upfront. This corresponds to the standard long-term efficiency result
from dynamic mechanism design for patient players (see Battaglini [2005] and Athey and Segal
[2013]), and to the folk theorem in repeated games with differential discounting (Sugaya [2015]).
In the folk theorem, difference between the rate of convergence of discount factor for the two players
matters for the equilibrium payoft set, but the "best" achievable equilibrium does not depend on
the rate, only on the limit, which is true here as well for the commitment payoft.

In the second case, where 6p B < 1, that, is at least of the player’s discount factor is bounded
below unity, the total surplus is bounded away from efficiency. Here either the intertemporal
costs of incentive provision are forever positive (8 < 1) or the agent’s rents do not vanish and the

principal distorts allocations along the lowest history (6p < 1).

5.2 DPatient versus impatient agent

Does the principal favor the impatient agent or the patient agent and what determines the ranking if
there exists any? Recollect, that the principal’s cost of providing incentives is given by Up = Ug +1;
for a fixed allocation, Uy is increasing in 64 and I is decreasing in 64. The aggregate effect therefore
depends on the level of asymmetric information in the model as measured by the persistence of the
agent’s type. Now, Uy is increasing in the persistence of the agent’s types, and I is not monotonic
in persistence. The principal’s benefit depends on the agent’s discount factor through of channel
of information rent that has to be paid in the future, which in turn can be loaned to the agent
so the principal can demand it back with an interest without violating the limited commitment
requirement.

The complexity of these competing forces does not allow for a global comparative static, but a
theoretical result can be stated for the limit cases and numerical arguments explored for the inter-

mediate ones.

Corollary 6. Let ap = 1 — ap = . Principal’s ex ante payoff in the first-order optimal, optimal and

optimal restart contracts varies with 6 4 as follows:
(a) principal prefers patient agent (54 = 6p) for a sufficiently close to %.
(b) principal prefers myopic agent (64 = 0) for a sufficiently close to 1.

Figure 5 plots principal’s profit in the first-order optimal contract and the optimal restart con-
tract. It presents a "heat map" where each point in the box represents the expected profit of the
principal as a function of @ (on the x-axis) and 64 (on the y-axis), wherein darker shades mean
higher values. The northwest and southeast corners of the parametric spaces correspond to cases
(a) and () of Corollary 6. In the intermediate range it is clear that the for each value of a the
principal’s profit changes non-linearly as a function of §4. For example at @ = 0.9, the principal
prefers either a completely myopic agent (64 = 0) or completely forward looking one (64 = 6p),
but not goldilocks.

19



0.8 0.8

0.6 0.6

E[Profit]
5.5

I o

l 53

5.2

E[Profit]
55
54

d Iss

Is.z

5_A

0.4 =

6_A

0.4

5.1
5.0

51
5.0

0.2 0.2

0.0 0.0

(a) First-order optimal contract (b) Optimal restart contract

Figure 5: Principal’s profit where gy = 1 — @7 = @ on the x-axis, 4 on the y-axis; 6p = 0.8,
R(k)=2VE, 0, = 1and AG = 0.1.

At low levels of persistence the standard information rent the principal has to pay is quite low,
she extracts a large part of the surplus as profit, and does not find it worthwhile to pay the extra
intertemporal cost of incentive provision to benefit from differential interest rates. Hence profit
increasing in 64. As persistence increases, on the cost side, the standard information rent goes up
which a lower 64 helps reduce, but a lower 64 also increases the intertemporal cost of incentive
provision. These competing forces work to cancel each other until persistence becomes very high,
then the increased standard information rent dominates all other effects and the principal strictly

prefers a myopic agent to minimize the total information rent.

6 Final remarks

Many long-term contractual situations involve one party that is “financially bigger" or more inte-
grated in capital markets and the other endowed with private information. What kind of contracts
do we expect to observe in such environments? Pursuing such a framework, we analyzed a dynamic
principal-agent model with three ingredients: persistent private information, limited commitment
and unequal discounting. Their interaction produces a novel tradeoff: the principal has to incur
intertemporal costs of incentive provision, but benefits from having a higher net present value of
total surplus and lower value of the standard information rent. These forces interact to to produce a
cyclical structure of allocative distortions that we term restart. The optimal contract is completely
characterized- sequentially for the relaxed problem and recursively for the global optimum. When
the relaxed problem approach is valid, the optimal contract is restart, and when it is not valid, the
optimum requires an exponentially growing state space to encode all relevant the history depen-
dence. In the latter case, we characterize the optimal restart contract which provides a simpler and
approximately optimal alternative.

The nature of dynamic distortions poses a question to the literature on dynamic (Myersonian)
mechanism design- a slight perturbation of the standard model of equal discounting renders long-

term efliciency unachievable, distortions are pervasive. With equal discounting, Besanko [1985]
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and Battaglini [2005] show that ex post distortions converge to zero in the long run for the AR(1)
and two type Markov models respectively. Garrett, Pavan, and Toikka [2018] show that distortions
converge to zero on average for more general types’ processes.”” Our results make clear that these
predictions will not hold for unequal discounting.

The modeling of financial constraints as differential interest rates through unequal discounting
and limited commitment as opposed to limited liability constraints is a departure from standard dy-
namic financial contracting literature. We term this as soft versus hard financial constraints. In the
absence of financial constraints the principal demands all the information rent upfront and relaxes
future incentive constraints. In the presence of hard financial constraints in the form of limited lia-
bility the principal binds the limited liability constraints for as long as information rent to be paid
out to the agent is recouped, and then eventually implements the efficient contract (see Krishna
et al. [2013] and Krasikov and Lamba [2018]). However, a permanent difference in "access to capi-
tal" creates a permanent cost in generating the requisite room to relax future incentive constraints,
which culminates in cyclical and non-vanishing distortions.

Unequal discounting has been explored to varying degrees in dynamic games and contracts.
It is well known that in repeated games with differential rate of time preference the set of equi-
librium payofls expands favoring the patient player (see the classic Lehrer and Pauzner [1999]).
Opp and Zhu [2015] analyze the general relational contracting model of Ray [2002] with unequal
discounting. There is no private information or unobservable actions. It is a two-sided limited
commitment problem, and incentive constraints therein are the equivalent of punishment phase
in repeated games, a resort to autarky on deviation from the prescribed plan. The threat of au-
tarky generates backloading of payments and unequal discounting does the frontloading, leading to
a cyclical pattern similar to our paper.

In another exposition of the implication of differential discounting, Krueger and Uhlig [2006]
study a risk sharing model with a risk averse agent and competing risk neutral principals. For
equal discounting the model generates full risk-sharing in the long-run, for moderate differences in
discounting partial insurance is the outcome, and when difference in discount factors is very large
autarky results are obtained. These results are analogous to our results on long-term efhiciency for
equal discounting, pervasive distortions for unequal discounting, and shutdowns for large difference
in discount rates and large agency frictions. The important difference is that the underlying feature
of their model is risk sharing whereas in our setting it is Markovian private information.

Biais et al. [2007] incorporate unequal discounting in a dynamic model of moral hazard with
an 1.1.d technology, limited liability constraints, and the possibility of liquidation. There exists
a reflective boundary below the efficient level that pushes the optimal contract back towards the
liquidation region, and the contract is liquidated almost surely in the long-run. The propagation
of distortions is sustained in our model through persistence in agency frictions whereas the same is
done in their framework by limited liability and the threat of liquidation.”®

Our paper is also related to the political economy and public finance literature that uses unequal

2See also Bergemann and Strack [2015] for the evolution of dynamic distortions in the continuous time setting.
26Bjais et al. [2007] also invoke unequal discounting for a technical reason- the continuous time limit of their discreet
time model is not well defined for equal discounting. No such problem exists in our framework.
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discounting as a motivation for long-run distortions. Acemoglu, Golosov, and Tsyvinski [2008]
show that when politicians are less patient than the citizens, positive aggregate labor and capital
taxes are charged forever to correct for political economy distortions. Farhi and Werning [2007]
find that in an Atkeson and Lucas [1992] style risk sharing model with taste shocks, when the
social discount factor is higher than the private one, consumption exhibits mean reversion with no
immiseration.”” While the former contains the long-run inefficiency flavor of our results, the latter
shows dynamics similar to the optimality of restart.

A limitation of our model is the ‘permanency’ of the differential interest rates. A more detailed
analysis would allow the agent to save his way towards the market rate. There are many plausible
ways on introducing this added dimension to our model. One tractable way could perhaps be to
allow the discount factor of the agent to depend on the level of equity of the "firm structure".?
So, as the agent’s share in total surplus increases, the interest rate he faces also converges to the one
faced by the principal. It would be a reduced form but still endogenous way of allowing for the
effects of financial constraints to be mitigated in the long-run. This seems to us a fruitful question
for future research.

Finally, one can also ask the question- what if the agent is more patient than the principal?
Though most of our applications fit the patient principal model, this is an interesting theoretical
question in its own right. It turns the model as stated is then not "compact"; the lack of an up-
per bound on transfers that the principal can pay means that the agent will lend the principal an
unbounded amount of money in a hope to claw it back in the future. Imposing an upper bound
rectifies the problem- the optimal allocation rule in the equal discounting case continues to be the

optimum for the model with 64 > 6p, and transfers are uniquely pinned down through the upper

bound.

7 Appendix

7.1 Sequential characterization

First, we establish the set of binding constraints in problems (%), (#) and (R). Lemma 1 shows that
IR binds in all three problems, Lemma 2 states that /Cp binds in the relaxed problem.

Lemma 1. Let <k, U) satisfy ICry and IR, then there exists another mechanism (k, U) which respects
ICp and IR 1, moreover, it yields a weakly higher ex-ante profit. In addition, if (k, U) satisfies [ C and

IRy, then (k, U) can be chosen to respect these constraints as well.

Proof. Define U, (6%1,05) = 0 and U,(6*1,05) = U, (6" 1,05) — U;(8*1,6;,) > 0, because the
original contract respects / Cpr. Note that the incentive compatibility constraints are unaltered and
U < U, thus Up < Up. Conclude that the profit of (k, U) is higher than of (k, U). O

27 A similar mechanism is generated through the interaction of aggregate shocks and unequal discounting in Aguiar,
Amador, and Gopinath [2009] with an application to foreign direct investment and sovereign debt.

28In dynamic contracting models with agency frictions, the share of the principal can be regarded as the debt and
the share of the agent as equity, and the sum of two as the total value of the firm that is born out of the contractual
relationship between the two, see for example Clementi and Hopenhayn [2006].
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Lemma 2. Let (k, U) satisfy ICy and IR, then there exists another mechanism (k, U) in which both

constraints hold as equalities, moreover, it yields a weakly higher ex-ante profit.

Proof. By Lemma 1, it is without loss to assume that U, (6%1,6;) = 0 for all 6!, Define U by
U,(6t1,6;) = 0and U, (6", 0p) = z (Oaam — )y  AGR (ke-1,5(6%1,65)). Note that ICy

s=1

binds and U < U, thus Up < Up. Conclude that the profit of (k, U)is higher than of (k, U). O

7.1.1 Relaxed problem approach

Now, we are in position to complete the proof of Theorem 1 and Corollary 1.

Proof of Theorem 1. The goal is to obtain Equation 2 and derive the distortions p and p as described
in the theorem. By Lemmata 1 and 2 both 7Cy and IR bind in (#), thus U, (6*1,6y) = 0, and

U (0,0m) = ) (6aan —ar)) ™ AGR (ki145(0°,65))
s=1

First, we solve for the agent’s ex ante utility:

[Ul(eo]—Z(aA(aH 1) " P(O)AGR (k. (6])) Z(apm” ~—AOR (k. (6)) PO
t=1

5A apg— a/L
op 1-

Next, we solve for the intertemporal costs of incentive provision:

where b = is the multiplicative distortion.

I=(6p=64)) 65 BU(6Y] = Gp=64) D, 65 PO 0m)U. (6", 0n) =
t=2 Ot1:>2

=(@p—064) D > 65RO 0m) (Oalan — ar)* AOR (ki14s(6°7,6)))
ot-1:1>2 s=1

Evaluate the sum for the lowest history and restart phase separately, starting with the lowest history:

(©p =04) D D S5 B0, 01) (Sa(an — 1)) ™ AOR (ki-14s (677 =

t=2 s=1
—aLZ(St 1(2195 1)A9R (ke (6])) BCOE)

%04 2L s the L-seed. Distortions along the lowest history is then given by

where a; = TR

t-1
A a
b= b 1ﬁ+q<2b5 ) bhes+ar
—OH

s=1
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Finally, we look at the restart phase and compute the costs of incentive provision:

Gp=064) > > 65RO, 0n) (Salen —ar)) T AGR (kio14i(6°7,65))

0Lt 12081 12 5=1

=an ) i shls (Z b’—l) AR (ke s (0°,002,605)) P(0"",011,65)

ot-1 s=1 r=1

6p—64 _ap
op l-apy

where ap = is the H-seed. Conclude that total distortions in the restart phase take the

following form:
t—1

pr=b"lag +a; (Z 195_1) =bp,1+ayr
s=1

O

Proof of Corollary 1. Consider f(x) = bx +a; with b = 24 2H=0L apd a; = le—éj forj=H,L.

op l-ap op

By Theorem 1, the distortions satisfy p,+1 = f () and py+1 = f(0;) forall z.
It is easy to see that f has only one non-zero fixed point, that is ;5. Moreover, f(x) 2

x whenever x s 4, thus the fixed point is globally stable and the distortions converge to it

ay
l-ay

(c) and (d), recall the definition of Ky (x) = (R)™! (m) for xA8 < 0; and zero otherwise. O

monotonically. It is easy to see that 15 < < ap which immediately implies (2) and (). To see

7.1.2  Restart optimum

In this section we characterize the restart optimum (Theorem 2) and derive its profit guarantee
(Corollary 4). By Lemma 1, there is no loss to assume that /R; always binds, U, (6*1,6;) =
0 for any 1. Our restrictions on the contract space imply that the agent’s expected utilities
are pinned down by binding downward incentive constraints, moreover, they also feature restarts.

More formally, there exists two sequences {U, } and {lA]t} such that
Ut(gi_lyel‘[) = [A]t’ UK+S(0t_1a QH, QE_I,QH) = US vgt_la tas

These sequences are determined as a function of allocation in the following manner: U, , = AOR (/;[)+

oalay — aL)[A]Hl and U, = AOR (k) + 64(am — ar)Uy1. It follows that IC; is equivalent to
Ut < AQR(/eH) + 5,4((1’1{ — CZL)Ul, Ut < AQR(kH) + 5A(CVH - a/L)U1 YVt

The former is the upward constraint along the lowest history, the latter corresponds to the restart
phase.
It is convenient to rewrite the objective in terms of sequences of allocations and utilities. First,

decompose the expected surplus into three terms which are the high type surplus, the surplus along
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the lowest history and the surplus in the restart phase:

§=> 65E s (6lke(6Y)] =
t=1
_ P(On) N Ly PO S
= 1= s, k) + ; S5IP(6Y)s (6, ke) + o, ; SEP(OL 10 )s (0L, kr)
POn)

The term

i is a discounted probability of 6, that is 372, 6;;1IP’(6,5 =0g).
Next, notice that the agent’s expected payoff is simply E[U;(61)] = P(@H)U 1, and the costs of

incentive provision are given by

I=(6p=064) ), 657PO0:)U (0", 0p) =

0t1:t>2

P(6r) S t—1 t-1
E on PO, 010U,
1—-6p £ P (L il H) t

= (6p = 64) ), 05 P05, 06U + (5p — 64)
t=2
As before, the former term captures the costs along the lowest history, whereas the latter - the
restart phase.

To sum up, problem (R) can be equivalently written as

. max S—E[U;(6)] -1 subjectto  ky >0, Vt /;t,kt,lA]t,Ut >0, and
bk} Ak AU U}

U, = MR(E) + 64(ar — ap)Uset < AR (k) + S4(ap — ar)Us
U, = MR (k) + S4(ar — ap)Usyy < AR (k) + Sa(ay — ap)Us

Now, we are in position to prove Theorem 2 and derive the bound described in Corollary 4, see

Figure 4b for a visualization.

Proof of Theorem 2. Our problem is strictly concave and bounded, thus the restart optimum can be
characterized by the Lagrangian method. We first build the Lagrangian by attaching a multiplier to
each constraint. Specifically, along the lowest history downward incentive constraints are associated
with dual variables & }_IP(GE)%, whereas upward - § It;lP(Qi)ﬁt. Similarly, in the restart phase
]Pi(_eg) ) s LP(6 101)7:, and I;ELQ&;P(HEIHH)m for downward and upward incentive
constraints, respectively.

multipliers are

First order conditions for the allocation rule yield /«Aet = Kr(9:), by = Ki(y:) YVt and ky =
K (k) > k§; where

> o . Pn) ¥
K= D05 By + T ) 0P ler:
t=1 t=1

In what follows we establish existence of the set of dual variables satisfying the properties outlined

in Theorem 2, moreover we show that there is no duality gap for these multipliers. To begin, fix
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i/ > Oa M1 € |:1d__Lb’ dH]) and define {’),}t}’ {7z+1} bY

¥ = max {)’/,bt_lfq +(1- bt_l)la_—L}, Vil = max{)'/,btyl +(1=-0bY

; =

Then, let 51 =0, 1)1 = ()71 - ;Y—}LI)JF, and
N1 = Vet — bV —ar, M1 =vie1—byr—ar

It is routine to verify that 7§ and 17 are both non-negative and continuous in (¥, 41) on a relevant
. . . . . . A . .
domain. By construction, coeflicients in the Lagrangian in front of {U,} and {U,+1} are identically
zero. In addition, a coefficient in front of Uj is proportional to
04 1—ayg pp

(ag _71>£cm " e 1-0op

Notice that k = 0 whenever y is sufficiently small, moreover it is strictly increasing in y without
bound. Therefore, for any y; € [1“_—2, a H) there exists the unique value of ¥ which makes the
aforementioned coefhicient equal to zero. For y1 = ap, any y < min {’;—IZ, 1“_—Lb} = 1“_—Lb will do.

To conclude the proof, we only need to show that y; can be chosen to satisty complimentary
slackness. The only non-trivial case is when the first-order optimum is not restart, otherwise y; =
ap. Since distortions are monotone and stays at the same value once upward incentive compatibility

starts to bind, it is suflicient to only verify complimentary slackness “at infinity”:
lim Ut = AR(/eH) +0s(ayg — aL)Ul
t—00

This condition holds as “>” inequality whenever y; = ay provided that the first order optimum is

not restart. On other hand, this condition holds as “<” whenever y; = 1”_—Lb To see it more formally,

_@L 4L
1-ag’ 1-b

implies that there exists some y; € (f_—Lb, a H) for which complimentary slackness is satishied. O

let y1 = {%, then we must have y > min{ } = %, because p1 < apy. Continuity Then

Proof of Corollary 4. Define slack variables for upward incentive constraints by €, = (U AR (k¢ (6p1))-
Sl —a)U!) and & = (Uf - ARk (0m)) — 6aars — ar)U}) "

By the standard perturbation argument,

P(OH) O 1o ot
0,P(6r |6 .
1_5P; LP(OF10R)7: - €

TR < " 657 PO} )i, - €0 +

t=1

Our goal is to evaluate the left hand side of this expression in two different ways.
First, recall that distortions are monotone, thus é;,€; < lim €, for all z. Using the first-order
t—o00

condition for Uy and {5 < y1:

n* -k <

op(l—am) (d ar ) P(0r)

— li =: B!
oalayg —ar) H 1-b e € “

1—0p too

Second, we bound n, and 7,. It is easy to see that ¥ < 1, thus y,41 —ar — by, = i1 <
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y(1=b)—a; < (1-b) (aH - 1“_—Lb) and the same is true for 7j;41 forany ¢t > 2. Fort = 1,171 =0
+
) , thus

and 1 < (aH - 1:1;[1

.
¥ - IR < P(g)) (aH _ 1?2}}) &+

P(6n)
1-6p

+(1-b) (ﬂH— 5(1-ap)e, | =: B

) Y @r(l-an) ! [P(HL)& +
t=2

To make sure that a relative loss does not explode, we also compute the loss from using the
A
optimal static contract which a restart contract with b, = k, Vt. It is easy to show that the optimal

static contract supplies the efficient quantity to the high type and K7 (x) to the low type where

 1-64  POw)
C1-64(ay —ar) P(6r)

X

Denote the profit from using this static contract by IT?, it has a clear closed form representation,
then we have IT* - TIR < TT# — 15,

Taking all parts together, we arrive at the following analytical bounds:

HR
II*

IT* - T18 < min{B!, B2, 11 - 115} =: B, and 1- — < B,/II" =: B,

7.2 Recursive characterization

In this section we study the recursive problem introduced in the main text; the formulation follows
in other recursive characterizations in dynamic contracts, for example Fernandes and Phelan [2000].
By Lemma 1, it is without loss to assume that /R binds at all dates, thus a one-dimensional state
suffices.”’

Let W be the largest set of w such that there exists an incentive compatible and individually
rational contract which delivers U;(8y) = w and U;(6;) = 0. W is the familiar recursive domain

described in Spear and Srivastava [1987] and it has a very simple structure.
Lemma 3 (Recursive domain). W =R,.

Proof. First of all, w > 0 by IRy. On the other hand, any @ > 0 can be provided by choosing
ke (6Y) = U,(6%) = 06", but Uy (61) = w and ky(97) = R (). O

Using Lemma 3, we can write the recursive problem as (RP) from the second period onwards,
and as (¢) in the first period, explicitly stated in Section 4.

It is easy to see that (%) and (¢) admit the same solution. To formally show equivalence be-
tween the sequential and recursive formulations, we need to introduce auxiliary definitions. The
policy correspondence is a correspondence which maps w into (Z(w),K(w)), that is the set of

optimal choices in (RP). We say that a contract is generated from the policy correspondence

29Technically, the state space also includes the last period type, thus it is two-dimensional.

27



if ky11(0,,6°°1,6;) € Kj(Up11(6;,60"",0p7)) and U,42(0;,6'1,6;,01) € Z;(U;41(6;,6"",6)) for
i,j = H,Land Vo* 1.

Claim 1.
(a) There exists a unique continuous bounded function satisfying the Bellman equation in (RP).
(b) The policy correspondence is non-empty, compact-valued and upper hemicontinuous.

(c) A contract is generated from the policy correspondence if and only if it solves (RP) with w =
U010, for j = H, L

(d) Value functions in (SP) and (RP), as well as in (x) and (o) coincide.
Proof. The result follows from Exercises 9.4, 9.5 in Stokey et al. [1989]. o

In the rest of the section, we outline several standard properties of the value function (Claim

2), establish uniqueness of transfers (Claim 3) and prove Propositions 1, 2.
Claim 2 (Properties of the value function).

(a) Each S; is concave.

(b) Each S; is continnously differentiable on R .

(¢c) Each Sj is locally strictly concave at w satisfying S ]’.(fw) > 0.

Proof.

Part (a). The argument is standard, we need to show that the Bellman operator, implicitly
defined in (RP), preserves concavity. Indeed, the constraints set is convex and s(6, -) is concave.
So, concavity is preserved by the Bellman operator. Since the set of concave functions is closed in
the space of continuous bounded functions, the result follows from Theorem 3.1 and its Corollary
1 in Stokey et al. [1989].

Part (b). We established concavity of the value function using the standard argument. As for
differentiability, the standard argument of Benveniste and Scheinkman [1979] is not applicable in
our context, because it might not to be possible to change k keeping z constant. We give a different
argument that is close to Rincon-Zapatero and Santos [2009] in its spirit. We shall use the fact §; is
concave, thus it is subdifferentiable. Take (k*, U*) which solves (S#) with U (6;,60r) = w. Using
the generalized first-order and envelope conditions for (RP), we argue that there exists some finite
time s such that the value function is differentiable at U, (6;, Gi‘l, 017). Then, the value function
turns out to be differentiable at the original point, w.

Before we show differentiability, we shall validate that the first-order conditions are sufficient
to characterize a solution. In particular, we show that Slater’s condition holds which is sufficient
to guarantee that the first-order approach with Lagrange multipliers in /! is valid in (S®), because
of concavity and boundedness of these problems (see Morand and Reffett [2015]).
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We claim that, for any @w > 0, there exists a feasible point such that the constraint map is
uniformly bounded away from 0. The argument is constructive. Since w > 0, there exists by >
kr > 0 satistying:

A6 A6

1-6a(ay - CVL)R(kL) SeSTC oalayg — aL)R(kH)

Take kt+1(9" gt—l’ HH) = /eHa kt+1(6 B gt—l, GL) = /eL and Ut+1(0 B Ht_l’ GH) =w vet_1'

Now, we are in a position to show that §; is continuously differentiable. Let (k*, U*) be a
solution to (SP) at ¢ = 2. It is clear that the capital supplied to 8y can be distorted only upwards,
thus kY, (0;,6""',0y) > Oisuniquely defined ¥6*~! by strict concavity of the objective. In addition,
if k*

S 6t1,6,) > 0, then it is unique by strict concavity of the objective.

Next, consider (R%P), its solution exists and coincides with one found in (S#). Since §; is
concave, its superdifferential at w > 0 is well-defined and it equals to 4S;(w) = [S]fr (w), S].‘ (w)],
andatw =0itis S]Jf (0) where a plus/minus denotes a right/left subderivative.

Let @;py and (1 — @j)p; be Lagrange multipliers for the upward and downward incentive
constraints, respectively. And, p;(w) be some Lagrange multiplier supporting a solution, whereas
h (w)/p; (w) be the highest/smallest such Lagrange multiplier. Finally, denote by (z(w),k(w))
some point in the optimal correspondence.

The first-order conditions with respect to k are k;(w) = K;(p;(w)) for i = H,L. By the
above argument, Ky (w) is a singleton and p},(w) = py,(w) = py(w) for any w. In addition,
if kz(w) > O, then Ky (w) is a singleton and pj (w) = p;(w) = pr(w). So, for w > 0, the
Lagrange multipliers might be not unique only if there exists some p; (w) > 07/A6 > 0. Given this

pr(w) > 0, the downward incentive constraint binds and we have that z; (w) = >w >0

6A(CVZW—UZL)
is uniquely defined.

Then, the envelope theorem gives S]T (w) - S]JT (w) = (1= a;j)(p; (w) - pj (w)). It is immediate
that §; is differentiable at w if and only if p; (w) is unique. The first-order condition with respect

to zz when z7 (w) > 0 reads as follows:
6pS; (zr(w)) > ar(6p —64) + (g — ar)dapr(w) > 6pS; (zr(w))

If pr(zz(w)) is unique, then pr(w) is so and §; is differentiable at w. Now, define recursively

s
L

p1(z;) is unique for some s or it is not for all 5. In the former case, §; is differentiable at w by our

z5 = z1(z5!) with 20 = w > 0 for some selection from Z;. There are two potential cases, namely

previous argument. In the latter case, z; = m — 00 as s — oo which is impossible, because
any solution must be in /.

Finally, continuous differentiability of S; is implied by differentiability and concavity.

Part (c). Suppose that S]f(fw) = S]’.(w +¢€) > 0for some w, € > 0. Consider (k*, U*) and (k?, U?)
solving (SP) at w and w + &, respectively. Since s(6, -) is strictly concave, it must be that k* = k®.

Otherwise, we would have S]’.(w) < S]f(w +&).
Now, since S’(w) = S'(w + &) > 0, the envelope theorem implies that the downward incentive
constraint binds in each case. By the first-order and envelope conditions, see Equations 3, 4 and 5,
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it will continue to bind along the sequence of 6;’s, thus

w =A@ Z(éA(aH —ap) R (kf,_(05°2.6,.60))) =w + &
s=1
The last assertion is a clear contradiction. The similar argument establishes that § ]’ (w —€) >
S]f(fw). O

Next, we derive optimality conditions which are useful for our characterization of the op-
timal contract. Let (1 — @;)py and a;p; be Lagrange multipliers on the constraints in (RP).
And, let P(0)pr and P(61) pr be Lagrange multipliers on the constraints in (¢). We denote by
(z(w),k(w)) some selection from the optimal correspondence and by p(w) some corresponding

Lagrange multipliers. So, the first-order conditions are k; (w) = K;(p;(w)) for i = H, L and

= 0if 0
G ‘“”i—ApH(w){ Hen(e) > ®)
p <0if zy(w) =0

op —
op

S;{(ZH(Z?))) —ay

5 —0if z; (w) > O
(e —anPor@)) (4)
op <0if z;(w) = 0

Op — 04

Si(z(w)) —ar

In addition, the Envelope theorem gives:
$i(w) = (1 -ajp)pr(w) - ajpu(w) forj = H,L (5)

We proceed by characterizing properties of the recursive optimum. Although, S; might be not
globally strictly concave, we are able to identify next period promised utilities when the incen-
tive constraints do not bind. To be specific, z; (w) = z§ if the downward constraint is slack and
zp(w) = z4,; if the upward constraint is slack. By part (c) of Claim 1, there exists unique z{ sat-

isfying z¢ > 0 and §’(z¢) = @;22=%4 or z¢ = 0 and S/(0) < @; 224 Then, define two thresholds
J /A / J j 7 dp

op 5
w]* = AQR(/e"(Gj)) +0s(ayg — CZL)Z; > 0.

We also argue that the Lagrange multipliers are unique. Let (k*, U*) be a solution to (SP) att =
2. It is clear that the capital supplied to 6 can be distorted only upwards, thus £} (6%2,6;,0x) > 0
is uniquely defined by strict concavity of the objective. It follows from Claim 1 that py(w) =
7(131 (k;(et—{e]-, HH)), and py is continuous, because (k*, U*) changes continuously with w. It

remains to select pz (w) to satisfy the envelope condition.

7.2.1 Optimal recursive contract

In this section we exposit the properties of the optimal recursive contract, (w*, k(-), z(-)) where
w* = UF(0n) and (k(w),z(w)) solves (RP) for each w > 0; (w*, k(w*), z(w*)) solves (¢).”° We

30 As in the sequential first-order optimal contract, the allocation and transfers are uniquely pinned down. To be
precise, we formally show in the appendix that only z could fail to be unique at a single point. The details are provided
in Claim 3.
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start with registering the monotonicity of allocation with respect to expected utility given to the
high type.

For the optimal recursive contract, allocations for the high and low TFP shocks are increasing
in the state variable, w. Intuitively speaking, the downward incentive constraint binds only for low
values of w. In this case, the allocation and promised expected utility upon announcing the low type
(that is, k7 and @7 z;) must be distorted downwards to prevent the high type from misreporting.
Indeed, there exists a critical value @] so that the downward incentive constraint binds only for
w < wj. The incentive problem is more severe for low values of w, there exists another threshold
w?, below which the contract does not supply ;.

By the similar reasoning, the allocation and promised expected utility upon announcing the high
type (that is, kg and @ zp) must be distorted upwards if the upward incentive constraint binds.
And, there exists a critical value w3, such that this constraint binds if and only if w > w},. Figure
6a plots the optimal allocation as the function of agent’s expected utility. We have the following

simple result.
Proposition 1. Allocation in the optimal recursive contract satisfies the following:
(a) Jw}, such that ky (w) = kS, ifand only if w < w3, ky (¢) is strictly increasing on [w};, ).

() Fwy, w; such that by (w) = 0 if and only if w < wy, ki(w) = kS if and only if w > w], kr(-)

is strictly increasing on [fw/‘;, w; |

Proof of Proposition 1. It suflices to characterize p, because its properties translate into k by the
first-order condition k;(w) = K;(p(w)) for i = H, L.

Part (a). If there is no upward incentive constraint, then ky(w) = k§, and zy = z§, by the
first-order conditions and definition of z¢,. Since this choice is feasible if and only if w > wj,,
the result for py follows. To see monotonicity of pg(-), take w’ > w > w}, and suppose that
pu(w) > pp(w’). Concavity and first-order conditions imply that zg(w) > zg(w’) which
contradicts to AG(R o Ky ) (pr(w)) + da(ayg —ap)zyg(w) = w < w’ = AO(R o Ky)(pg(w')) +
oalag —ap)zg(w’).

Part (). By the similar argument to part (a), pr(-) is strictly decreasing on [0,%7] ], and it is
zero afterwards. Finally, since the only feasible choice at w = 0 is k7 (0) = 0, w] = sup{w € W :

kr(w) = 0} 1s well-defined. O
Now, we turn our attention to z and start by pointing out uniqueness of transfers.
Claim 3. Z; is single-valued, and 3 unique @ such that Zy is single-valued whenever w* > w?, or
8! q 8! L H
w # w.

Proof. z;(-) is unique which follows from the last part of Claim 2, whereas zx might fail to be
unique. Intuitively, zg could be not unique only when there are multiple zy with pr (zg(w)) =
pr (zu(w)) = 0.

Define @ by (e — ar)Sapu (@) = ag(Sp — 64). Clearly, it exists and it is unique, because of

monotonicity of pg as shown in the proof of Proposition 1.
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Suppose that w] > wj,, then S]’.('w) = (1-aj)pr(w) — ajpp(w) is strictly decreasing on R,.
So, Zp is single-valued by strict concavity of S;.

If w; < wj,, then the envelope conditions (Equation 5) imply that § ]’ (w) > 0 on [0,%]],
S]f(fw) < 0 on [wj},, +0) and S]f(w) = O for any w € [w],w},]. Therefore, Zy is single-valued
on [0,@) by the last part of Claim 2, and Zy (@) = [w],w},] by construction. To see that Zy is
single-valued on (@, +0), notice that w = AO(R o K )(pr(w)) + 64(@py — ar)zn(w) whenever
pr(w) > 0. Since pg(w) > O for any w > @, zy(w) could be uniquely identified from the

"upward" incentive constraint. o

To sum up, zy (w) is almost surely unique. It is 7ot unique only when w; < wj, and w = w.
In what follows, by z(-) we mean an arbitrary selection from Z g (-).

Now, the dynamics of promised expected utility are described in Figure 6. In each case zy
and z; are plotted as functions of w. The 45° line partitions the quadrant into regions where
expected utility increases or decreases in the next period. w}, and w; are the thresholds as defined
above. And the bold dots represent some points in the support of the invariant distribution of the
optimal contract. For example, in all the figures the point z¢, at which z () intersects the 45° line
constitutes a bold dot. Each time a high shock arrives it is possible for the optimal contract to stay

at the same expected utility, and it surely does so if the upward constraint is not binding.

0
k - z 45

k¢ (6rr) ‘
|
kE(OL) F------------ — k1
| |
| |
| |
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o
z . 45 -
k\ ZL
f iiiii oL |
w 1
h 7 ;
H , [ :
7 : !
// ! !
1 |

(c) restart (d) never restart

Figure 6: Optimal recursive contract

Consider first the situation depicted in Figure 6b. Here z§, = 0. Since both curves lie below
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the 45°, the recursive contract continually shrinks in expected value. It quickly converges to, most
often immediately, to the bold point at zero which implies an expected utility of zero and a complete
shutdown of the low TFP type. In Figures 6¢ and 6d, we portray the optimal restart contract which
does not feature shutdowns. The realization of a high shock pushes the expected utility towards z,.
On the realization of a low shock, promised expected utility above w/ contracts, and below w/ it
expands. The key condition that characterizes Figure 6c is w/ < w?* 7+ It implies that the upward
incentive constraint does not bind in the interval [z§, , /], and the invariant distribution of the
promised expected utility rests therein.’’ In contrast, Figure 6d exposits the case with perennial
binding of the upward incentive constraint which is captured by the condition w/ > wy,.

Finally, the only missing piece is initialization- where does the optimal recursive contract start?
We show that the recursive contract is initialized at a unique point w* € [z¢,, w/ ). Therefore, at
the inception the downward incentive constraint always binds, while the upward constraint may
or may not bind. The next proposition summarizes the evolution of expected utility in the optimal

recursive contract.
Proposition 2. Expected utility of the agent in the optimal recursive contract satisfies the following:

(a) Fw),z§ such that z; (w) = 0 if and only if w < wY, zp(w) = z§ ifand only if w > w7}, 21 (") is

strictly increasing on [w), w; |.
b) 3z$, such that zy (w) = 25, if and only if w < w3, zy (+) is strictly increasing on [w},, ©).
Y H Y g H

(c) z1.(-) has a unique globally stable fixed point w/ € (25,2} ), and z g1 has a unigue fixed point z,
which is positive if and only if 01 > {5 A6.

(d) The thresholds satisfy z5, < <wl < < 2§ <wj, 2%, < wyy, and z§ # z5; if and only if z§ > 0.

(¢) Fw* € [z5, w! ] such that the optimal contract starts at this point, and it always stays within
(28, @/ ].

Proof of Proposition 2. Part (d). Equation 5 says that S}, (w)/ag — S) (w)/ap = =2 pr(w) <0

agar
Or— S %4 by their definitions and part
P

Therefore, z¢,

(c) of Claim 2. For z§ = 0, w] > z§ is trivially satisfied. Suppose that z§ > 0, then § ]’ (w))

< z§ with z§ # z¢, it and only if §7(0) > ay

—ajpp(w)) <0< S]'.(zz), thus w; > z¢.

Moreover, notice that wj, = AOR(k*(0y)) + da(ay — ap)z§, < z4; if and only if z§, >
mR(ke(HH)) On the other hand Z mR(ke(gL)) because OfZ < z <
wj}. So, we can not have z¢, > wj,.

It remains to establish that z§, < w/. Of course, it is vacuously true whenever z¢, = 0.

So, suppose that z%, > 0. In this case, z§, < < w/ whenever 1% < ap. To see this, notice that
pr(wl) > 1% with an equality if and only if py (w!) = 0, as shown in part (c). Suppose that
25, < w/ Wh1ch is equivalent to pr(wl) > pr(z$;) by monotonicity of pr(-). Since 2§, < w},,
pr(wl) = 1“_—"19, which contradicts to pz(w/) > pr(z4) > 0.

Recall that 1% < ay if and only if {75 < 71 (1 - g—ﬁ qk ) which is always satisfied.

3170 find the support, we repeatedly apply z; (+) to z%;, the bold points in Figure 6¢ depict this set.
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Parts (a) and (b). We established above that z¢ € [0w]] for j = H, L. Monotonicity of p(-) as
shown in Proposition 1 combined with Equations 3 and 4 yields the result of parts (a) and (b).

Part (c). First, we study fixed points of Zy (+). In the previous part, we showed that z§, < wj,
which implies that z{, is a fixed point of Z(-). Suppose that there exists w # z§, > 0 with
w € Zy(w). By definition, it must be the case that pg (w) > 0.

Consider the equation w = m(R o Ki)(pu(w)) > mR(k ) which is
necessary for w € Zy(w) > 0 with pg(w) > 0. Equation 3 and 5 imply that (1 — ey)dppr(w) =
@ (6p —64) + (@rdp — (@ — @r)d4) pr(w) > 0.

Since pr(w) > 0, the downward constraint binds this period and it will keep binding along the
sequence of 6;’s. Formally, let z; (w) be defined by z; (w) = z, (zSL_l(w)) with Zg(fw) = w. By
Equation 4, p(z; (w)) > Ofor any s. Then, iterating along this sequence, we arrive at the following
contradiction:

A6

w = Ae;(éA(aH )" (R o H) (pr(z[ () < 55 RD)

So, z§; is the unique fixed point of Zg ().

Now, we turn our attention to fixed points of z; (-). Of course, O is always a fixed point, and
our goal is to identify a positive fixed point. Suppose there exists 0 < w = z;(w). First of all,
zi(w) = z§ < w] < w whenever pr(w) = 0, therefore it must be the case that w < z{ and
pr(w) > 0.

Consider the equation w = A6 5 (RoKp) (prL(w)) which is necessary when w = z; (w) >

T=oa(an—a
0 with p;(w) > 0. One more n;c(esHsar}LI condition, due to the Equations 4 and 5, is that ((1 —
@r)6p —Sa(ag — ap))pr(w) = ar(6p —64) + ardppr(w) > 0. By monotonicity of p (shown
in Proposition 1), these two equations have a root if and only if 6, > {4-A6. And, if such a root
exists, then it is unique.

Let wf be the root of the aforementioned equations for 6, > A6, and w/ =0, otherwise.
For 6, > 74 A, global stability follows from z; (-) crossing the 45-degree line only once and from
above, because w/ < z¢. For /A9 < -, global stability is trivial, because 0 is the unique fixed
point.

Part (e). At the initial date, the first-order conditions with respect to z coincide with Equations
3 and 4. The extra first condition is P(0;) pr (w) — P(0) pr (w) = ()P(Ay) whenever w > (=)0.
Existence and uniqueness directly follows from monotonicity of p, see proof of Proposition 1.

Next, we show w* € [z¢,,w/]. By the way of contradiction, suppose that w* < z¢,. Since

1;,((90';)) < ap, we must have pg(w*) > 0. Recall that py is non-decreasing, thus pg(z

w Z

o
Again, by the way of contradiction, suppose that w* > w/. Since I;((%H)) > {4, we must have

pH(w*) > 0 which is a contradiction. Conclude that @w* > z

or(w!’) > 0. By monotonicity of py and pr, pp(w*) > pr(w/) > 0and pL(w ) < pr(w!))

where

ar 1 f % _P(QH) *
- (1+ 1—6A/6ppH(w )), pr(w”) = P60y (1+ pu(w™))

pr(w’) =
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It is routine to verify that all these conditions can not be satisfied simultaneously, thus w* < w/. O

Propositions 1 and 2 precisely characterize the optimal contract. Starting at w*, each subsequent
realization of the agent’s type determines the optimal allocation according to Proposition 1 and the
optimal expected utility for the next period, the state variable, according to Proposition 2.

There is of course a one-to-one relationship between the optimal recursive contract, and the
sequential optimum. First of all, the downward incentive constraints always bind, and the low type
always gets the promised utility of zero. The high type allocation can be distorted only upwards,
whereas the low type allocation is always distorted downwards.

Moreover, the realization of each 8y decreases the promised utility offered to the high type in
the next period which reduces distortion for the high type allocation, but increases a distortion in
the low type. It takes an endogenous number of consecutive 6 for the upward incentive constraint
to stop binding. 6, always increases the promised utility offered to the high type in the next period
which tightens the distortion for the high type allocation, but relaxes distortions for the low type
allocation. It takes an endogenous number of consecutive 6 for the upward incentive constraint

to start binding.

7.2.2  Simplicity
Here the characterization of the optimal recursive contract to is used to establish Theorem 3.

Proof of Theorem 3. It is easy to see that any restart contract is simple, because a number of possible

T
distinct allocations by time 7' is at most 27. To be concrete, the set |J {k;(6") : for some 6'}
t=1

ins {£}7_, (k)15 and k
contains {k; },_;, {f:}; | and kg
Suppose that the optimal contract is not restart. In term of our recursive notations, it means
zp(w/) # z¢%,. According to Proposition 2, a necessary condition is that there are no shutdowns,
M e
that is z§,
to show that the set of utilities promised to 8y grows at an exponential rate, formally there exists

> 0, thus the high type promised utility stays strictly positive. Therefore, it is suflicient

a number K such that

T
U {Ut 01, 05) : for some Ht_l} > K27

t=1

First of all, notice that z¢, is reached after sufficiently many consecutive high shocks. Since
zi(w!) # z%;, there exists a natural number 7 such that z 7 (2] (24,)) # z4;. Moreover, Proposition
2 implies that for any w,w’ € [zfi,fwf) with w # w’ we have zy (2] (w)) # zp (2] (w")) # z5,.
In other words, the number of states is doubled every 7 periods, thus we the state space expands

exponentially with K = 277, i

7.3 Comparative statics

Proof of Corollary 5. Note that the optimal contract is independent from the level of §p. Moreover,
by the theorem of maximum, this contract is a continuous function of the agent’s relative patience.

If B — 1, then the optimum convergence to the first-order optimum, because the latter is always
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incentive compatible when B = 1. This contract is described in 1 and it has distortions only along
the lowest history, that is p, = 0 V¢. Next, as 6p — 1, non-stationary payoffs in IT* vanish, thus
the principal’s achieves the maximal surplus.

Now, we show that 6p 8 — 1 is necessary for the full surplus extraction. By construction, the
value of the first-order program in an upper bound on IT*. Since 6p B8 < 1, the distortions along
the lowest history are strictly positive Thus, the principal’s profit is strictly less than the surplus:
s¢>TF > 11

O

Proof of Corollary 6. We start by looking at the first-order optimal contract. The first-order optimal
contract is essentially static for @ = %, see Theorem 1. Formally, p, = o 6;6/’ for any ¢, p, = op 5 O

for t > 2. Importantly, Uy is independent of 64, so 64 = &p uniquely maximizes the surplus

and minimizes the cost of incentive provision at the same time. Since the profit in the first-order
optimal contract is continuous with respect @ and 64 = 6p is a strict maximizer for @ = 1, it is still

a maximizer for a = %

P(Om) (04t

1 . . . ..
If « — 1, then p, = (5) V¢, thus the intertemporal cost of incentive provision goes

— _P(Op)
to zero. Therefore, Iim1 Up = lirr% Uy, and the limit is strictly increasing 6 4. By continuity, 64 = 0
isa maximizer fora ~ 1.

Clearly, the first-order optimal contract is incentive compatible for either iid or constant types,
see Corollary 3. Therefore, the proposition is true for the optimal and optimal restart contracts as

well. O
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